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LIFTING CONNECTIONS TO THE r-JET PROLONGATION
OF THE COTANGENT BUNDLE

WLODZIMIERZ M. MIKULSKI

Abstract. We show that the problem of finding all M fp,-natural operators C' : Q ~~
QJ"T™* lifting classical linear connections V on m-manifolds M into classical linear
connections C; (V) on the r-jet prolongation J"T™* M of the cotangent bundle T* M

p
of M can be reduced to that of finding all M fm,-natural operators D : Q ~@ T®

q
& T* sending classical linear connections V on M into tensor fields D (V) of type
(p,q) on M.

1. INTRODUCTION

All manifolds are assumed to be smooth, Hausdorff, finite dimensional, and with-
out boundaries. Maps are assumed to be smooth (of class C*). The category of
m-~dimensional manifolds and their embeddings is denoted by M f,,.

In [5], M. Kures described completely all M f,,-natural operators B : @, ~>
QT™ lifting torsion free classical linear connections V on m-manifolds M into
classical linear connections By (V) on the cotangent bundle T*M of M.

In [4], the authors studied a similar problem of describing all M f,,-natural

k
operators B : Q ~ Q(Q T*) transforming classical linear connections V on m-
manifolds M into classical linear connections Bjs(V) on the k-th tensor power

k
&® T*M of the cotangent bundle T*M of M. They proved that this problem
can be reduced to the well known one of describing all M f,,-natural operators

D:qQ wé T® é T* sending classical linear connections V on m-manifolds M
into tensor fields Dy (V) of type (p,q) on M.

In [7], we investigated a similar problem of describing all M f,,-natural op-
erators B : @Q ~» QT lifting classical linear connections V on m-manifolds
M into classical linear connections Bjs(V) on the r-th order cotangent bundle
T™*M = J"(M,R)o of M. We proved that this problem can also be reduced to

the well known one of describing all D : ) wé T® é T~

In the present note, we consider a similar problem of describing all M f,,,-natural
operators C' : Q ~» QJ"T™ lifting classical linear connections V on m-manifolds
M into classical linear connections Cp;(V) on the r-jet prolongation J"T*M of
the cotangent bundle T*M of M. Modifying paper [7], we show that this problem
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can be reduced to the well-known one of describing all

D:Q wé T® é T*, too.

We recall that the r-jet prolongation of the cotangent bundle is a functor J"T™ :
M — VB sending any m-manifold M into J"T™* M (the vector bundle of -jets of
sections M — T*M of the cotangent bundle T*M — M of M) and any embedding
@ My — My of two m-manifolds into J"T*¢ : J'T*M; — J"T* My given by
JTT*p(jiw) = j;(x)(T*go owo Y, jrwe JT*M. If r =0, JOT*M=T*M (the
usual cotangent bundle).

Further, we inform that a linear connection on a vector bundle E over a manifold
M is a bilinear map D : X(M)xT'E — I'E such that Dyxo = fDxo and Dx fo =
X fo+ fDxo for any smooth map f: M — R, any vector field X € X(M) on M
and any smooth section ¢ € I'E of E — M. In particular, a linear connection V
in the tangent space T'M of M is called a classical linear connection on M.

We also inform that a general definition of natural operators can be found in
[3]. In particular, an M f,,-natural operator C : Q ~ QJ"T™* is an M f,-invariant
system C' = {C } meobj(Mmy,,) Of regular operators (functions)

Car: QM) — Q(J"T* M)

for any m-manifold M where Q(M) is the set of all classical linear connections
on M. More precisely, the M f,,-invariance of C' means that if V; € Q(M,) and
Vs, € Q(M,) are p-related by an embedding ¢ : My — My of m-manifolds (i.e. ¢ is
(V1, Vy)-affine), then Cyy, (V1) and Ciy, (V) are J T*p-related. The regularity
means that Cj; transforms smoothly parametrized families of connections into
smoothly parametrized ones.

P q
Similarly, an M fy,-natural operator (natural tensor) D : Q ~Q T® @ T* is
an M fp,-invariant system D = {Ds}areobjamy,,) of regular operators

Dy 2 QM) — TP4(M)

for any M € Mf,,, where TP2(M) is the set of tensor fields of type (p,q) on M.

By the general result in [6], since J"T* : M f — VB is a vector natural bundle,
there exists an M f,,-natural operator C : Q ~» QJ"T™*. An explicit example of a
natural operator C : @ ~» QJ"T* (similar to Example 1 in [7]) will be presented
in item 2, too.

A full description of all M f,,,-natural operators Q wé T® é T™* transforming
torsion free classical connections on m-manifolds into tensor fields of types (p, q)
can be found in Lemma in Section 33.4 in [3]. For the reader’s convenience,
we present this description. Each covariant derivative of the curvature R(V) €
CR(N*T*M@T*M @TM) of a classical linear connection V is an (M f,,-)natural
tensor. Further, every tensor multiplication of two natural tensors and every
contraction on one covariant and one contravariant entry of a natural tensor gives
a new natural tensor. Finally, we can multiply any natural tensor with a connection
independent natural tensor, we can permute any number of entries in the tensor
product and we can repeat these steps and take linear combinations. In this way,
we can obtain any natural tensor of types (p, ¢) depending on a torsion free classical
linear connection. All natural tensors of a (not necessarily torsion free) classical
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linear connection V can be obtained provided we also include the torsion tensor
T (V) and their covariant derivatives in the above procedure.

2. PREPARATIONS

We are going to present an example of an M f,,-natural operator C(") : Q ~»
QJ"T*. We start with the following important proposition (similar to Proposition
1in [7]).

Proposition 2.1. Let V be a classical linear connection on M. Then, there is
a (canonical in V) vector bundle isomorphism

r k
Iy : J'T*"M - P () T*MT*M
k=0

covering the identity map of M.

Proof. We proceed as in the proof of Proposition 1 in [7]. Let v € Ti*M,
x € M. Let ¢ : (M,z) — (R™,0) be a V-normal coordinate system with center
z. We put

i k
Iy(v) =) =P ) T e ' @T ¢ o ToJ T p(v),
k=0

k k
where I : J'TGR™ — @, O TgR™ @ TER™ = @)_, O R™ @ R™* is the
obvious GL(m)-invariant vector space isomorphism. If ¢ : (M,z) — (R™,0) is
another V-normal coordinate system with center x, then ¢ = A o ¢ (near x) for
some A € GL(m). Using the GL(m)-invariance of I, we deduce that I@(v)
IE(v). So, the definition of Iy (v) is independent of the choice of ¢.

o

In [1], J. Gancarzewicz presented a canonical construction of a classical linear
connection on the total space of a vector bundle E over M from a linear connection
D in E by means of a classical linear connection V on M. For the reader’s
convenience, we present the construction. If X is a vector field on M and o is
a section of E, then Dxo is a section of E. Further, let X denote the horizontal
lift of a vector field X with respect to D. Moreover, using the translations in the
individual fibres of E, we derive from every section o : M — E a vertical vector
field oV on E called the vertical lift of o. In [1], J. Gancarzewicz proved the
following fact.

Proposition 2.2. For every linear connection D in a vector bundle E over M
and every classical linear connection NV on M, there exists a unique classical linear
connection © = (D, V) on the total space E with the following properties

OxpYP = (VxY)P, Oxnc” = (Dxo)V,

O,vXP =0, ©,v0) =0
for all vector fields X, Y on M and all sections 0,01 of E.
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It is well-known (see [2]) that every classical linear connection V on an m-

i k
manifold M can be extended to a linear connection D(V” =Vin@,_, OT*M®
T*M by

k
(VxA)(Xo, ..., Xi) = XA(Xo, ..., Xp) = Y A(Xo, ..., VxXi,..., Xp),
1=0
k
AeT(()T*M@T*M), Xq,..., Xy € X(M),k=0,...,r.

Now, we are in a position to present a natural operator C(") : Q ~» QJ"T*.

Example 2.3. Asin Example 1 in [7], given a classical linear connection V on
M, by Propositions 2.1 and 2.2, we have the classical linear connection V(") on
J"T*M given by

v = (Iy);'e(DY), V).
Clearly, the family C(") : Q ~» QJ"T* of operators
CL7 QM) = QUT™M), € (V) =V,
where M € obj(Mfy,) and V € Q(M), is an M f,,-natural operator.

3. A SIMPLE REDUCTION

The set of all M f,,,-natural operators C' : Q ~» QJ"T* is an affine space with the
corresponding vector space of all M f,,,-natural operators

A:Q~ (®°T*®T)J T lifting classical linear connections V on m-manifolds M
into tensor fields A (V) of type (1,2) on J"T* M (the definition is quite similar to
that of natural operators @ ~» QJ"T™*). Actually, given M f,,-natural operators
C:Q~QJ'T* and A : Q ~ (®2 T*®T)J"T* we have M f,,,-natural operator
CH+A:Q~ QJ'T* given by

(CH+A)u(V):=Cu(V)+An(V), VeQM), M € obj(Mfn).

So, as in [7], to describe all M f,,-natural operators C' : Q ~ QJ"T*, it is sufficient
to describe all M f,,-natural operators A : @ ~ (®2 T* @ T)J"T*. Further,
k

because of Proposition 2.1, we can put @,_, O T* ® T* instead of J"T™*, and
our problem of describing all M f,,-natural operators C' : Q ~» QJ"T* is reduced
to that of finding all M f,,-natural operators

2 T k
A:Qw—(QRT o) OHT T
k=0

lifting classical linear connections V on m-manifolds into tensor fields Ay (V) of

k
type (1,2) on @,_, O T*M @ T*M.



LIFTING CONNECTIONS TO THE r-JET PROLONGATION ... 119

As in [7], given a classical linear connection V on M we have

T k r k
Tv(g OTMeT M) = Vv(g OTrMeT M)s HY
k

&é OTMeT;MaT,M
k=0

k
for any v € @)_, O TiMQT; M, x € M where H is the V-horizontal subspace
and the identification = is the standard one. Then, by linear algebra,

r k r k
(TP O T MeT M) @ (T, C)T"M T M))*
k=0 k=0
T k
2T, () T"M e T* M)
k=0

T l
= (M @T;MeT,M) e PTM e TiMe () T M @ T; M)
=0

® é(T;M@ é) T,M ® T,M & T, M)
=0

® EB (TrM® é T.M@T,M® l@ T:M @ T M)
1,11=0

@ é(é TMT,MQT,M®T,M)
=0

& ETB (é T.MRT,MT, M l©1 ToM@TiM)
1,11=0

r l l
& @ (O TMeTMe () TM & T,M & T,M)
1,11=0
l l
o P (OLMT.Me (5 T.M®T,M® é TiM Ty M).
1,01,12=0

r l

Consequently, our problem of finding of all M f,,,-natural operators C' : QQ ~~
QJ"T* is reduced to that of finding systems A® = ((Al), ..., (A}, 1,)) of systems
(A1), ..., (A}, 1) of M fp-natural operators

r k
Orer 1"eT aT),

[}

Alew(

k=

g k l

A Q- (P OTer rrere ()T e,
k

<

[}
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k l
AV Qe (@POT e Te(DTeTeT),

k=0
r k l l
Al Qe (@@T*@T*,T*@@T@T@@1T*®T*),
k=0
r k l
A:Quw(@POTrer,(HTeTeT 1),
k=0
Al Q @@T*®T*@T®T®T*®@T*®T*,
k=0

T

Al @@T*@T*@T@T@@T@T@T
Ay, @ @@T*@)T*QT@T@@T@T@@T*@T

transforming classical linear connections V on m-manifolds M into fibred maps
E
Ay(V) B OT*MQT*M - T*"MQT*M @ TM,. .., Aﬁlhle(V) :

E l l l
Dy O T*MT*M O TM&TM® () TM@TM® () T*M@T*M covering
the identity map of M, where l,11,lo =0,...,r

4. A MORE REDUCTION

To obtain a more reduction than the above one, we need a preparation.

As in [7], a tensor natural sub-bundle (of type (p,¢)) is a natural vector bundle
F: Mfp, — VB such that (modulo a natural vector bundle isomorphism) FM C
QRFTM @ Q*T*M and Fo = Q" Ty @ @ T*¢|py for any m-manifold M and
any M f,,-map ¢ : M — M*.

Proposition 4.1. Let F : Mf,, — VB be a tensor natural sub-bundle of type
k
(p,q). The M f,-natural operators B : Q ~~ (B,_q O T* @ T*, F) transform-

ing classical linear connections ¥V on m-manifolds M into fibred maps B (V) :

k
Do © T*M Q@ T*M — FM covering idy; are in bijection with the systems
E = (EFk)) of ./\/lfm natural opemtors

Ekeks) ((@ TRT)®...0 (@ TRT))®F for systems (ki,...,k;)
of integers kl,.. kj with 0 < k1 < <Lk <rk+...+k <qg-p—17,
j=0,1,2,... ij:o, (ks ... ki) =0, andEV’:QwF. Ifq—p—j <0, any B
is the zero operator. (For ®, see below.)
k
More precisely, the natural operator B : Q ~ (B,_, © T* @ T*, F) corre-
sponding to a system E = (E®1%)) (as above) is defined by

= Z < E'J(\Zl,-u7kj)(v)x’,ukl ®...0 v, >,
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k

VeQM), M e obj(Mfp), x€ M, v=(vo,...,0r) €EPBp_g O TiM T M,
where the (finite) sum Y is over all systems (ki,...,k;) of integers with 0 < ki <
Sk‘] S’I‘, k1++k] gq—p—],]:O,l,Z,

Conversely, the system EP = (EB:(k1ki)Y corresponding to a natural operator

k
B~ (B O T* @ T*, F) is well-defined by
Bi(k1,....k;)

<EM (v)xavlﬂ ®-.-®’Ukj >
19 0 . )
= aatkl Otk BM(V)I(t Vg, ..yt ”r)|to ,,,,, r—0

k
where v = (vg,...,0;) =@ O TEMT;M, x € M, v =1, +...4+1;, e N".

As in [7], in Proposition 4.1, we used the following notation. Given a sequence
Vo, . .,V, of different vector spaces and a system (k1,...,k;) of integers with 0 <
ki <...<k; <r, Vi, ©...0V, denotes the factor space Vi, @.. .®ij/ ~ where,
for any u,w € Vi, ®...Q@Vy,, u ~wiff <u, o, ®...Qp, >=<w, o, @... 0k, >
(the usual pairing (contraction)) for any (o, ...,¢r) € @iy Vi

Proof. The proof of Proposition 4.1 is almost the same as that of Proposition
3 in [7]. By the non-linear Petree theorem (see [3]) B is of finite order. Further,
by the invariance with respect to manifold charts, B is determined by the values

(Brm (V))o(v) € FuR™
for all classical linear connections V on R™ and all points v = (vg,...,v.) €

k
Do © TER™ @TER™. We can assume that the coordinates (symbols) of V are
polynomials of a degree that is the finite order of B. Next, by the invariance of B
with respect to the homotheties, we have

r k

B ((tidgn ). V)o (@D () T* (tidgm) © T (tidgm ) (v)) = 7~ By (V)0 (v)
k=0

for t > 0. So, the homogeneous function theorem and the Taylor theorem end the
proof. O

5. COROLLARIES

Applying Proposition 4.1 to natural operators Al, ..., A?’ll,lg in item 3, we obtain.
Corollary 5.1. For | = 0,...,r any M f,-natural operator A} : Q ~
k l
(Brco OT*M T T*® QT T ®T) is the zero one.
Corollary 5.2. For | = 0,...,r any M f,,-natural operator A} : Q ~
k l
(Brcg OT* T OT®TRT*®T) is the zero one.
Corollary 5.3. For [,ly = 0,...,7 any M f,,-natural operator Al7,l1 D Q

) k l I
B OT*T*,OTRTO OTRT ®T) is the zero one.



122 W.M. MIKULSKI

Corollary 5.4. The M f,,-natural operators
k
AV Qs (B OT*@T*, T*@T*®T) are in (the) bijection with the systems
EA = (EAl?@,EAl?(O)) of M f-natural operators EANO Q~T*T*®T and
EAO . QmwToT 0T o T.

Corollary 5.5. Given natural numbersl =0,...,r the M f,-natural operators
k l
A :Q~ (B OT QT T*@T*®@ O T* @ T*) are in (the) bijection with
the systems EA = (EAl iR ki)Y of M fr- natuml operators EAT(kyk 1 Q
((@ TRT)®.. (@ T®T)) RT*RT*® O T @ T* for systems (ki,...,kj)
of integers wzth0§k1 < LSk b+ ki <I+3-5,7=0,1,2,....
Corollary 5.6. Given natural numbers Il = 0,...,r the M fp,-natural oper-

k l Iy
ators Al 1 Q ~ (B QT T T*0 QT T O T*©T*) are in (the)
4
bijection with the systems Efn = (EAL y3kseeks) ) of M f,-natural operators
! !
EA?,zl%(klw’W) ~ ((@ TT)O...0 (@ T@T))@T* OTeT® é T*QT*

for systems (kl,..., k;) of integers with 0 < ky < ... <k; <r, k1 +...+k; <
Li+1l—1—j,j=01,...

Corollary 5.7. Given natural numbers l,1; = 0,...,r the M f,-natural oper-
ators AP, 2 Q ~ (D—, é) T™*eT* é) TRTRT*® él) T ®T*) are in (the)
bijection with the systems B = (EAL rilkask ) of M- natuml operators
ek i) ; g <<® o). 00 TeT)s OTeTere @ T T

for systems (kl, .. ky) of integers with 0 < ky < ... <k; <r, ki +...+k; <
htl—l—j j=01...

Corollary 5.8. Given natural numbers l,l1,ls = 0,...,7 the M f,,-natural
k l Iy lo
operators AY; 12 Q ~ (B, O T*T*,QTRTO O TRT® O T*®T*) are
in (the) bijection with the systems EA L = (EAlle«lz;(kl"”’k")) of M [, -natural
operators
A8 (k k) k1 k; l Iy
ETtnpienfi) o s (OTRT)0...o0( OTRT))e OTTe O T®

l2
T® O T*@T* for systems (ki,...,k;) of integers with 0 < kq < ... <k; <,
]{11—|-...—|-]€jSlg—ll—l—l—j,jZO,l,...

6. THE MAIN RESULT

Summing up, we have proved the following result.

Theorem 6.1. The M f,,-natural operators C : Q ~» QT"™ are in (the) bi-
jection with the systems AC = ((A'), (A?), (AL (A1), (AP, 1)) of systems
(Al),.. (Afll 1,) of M fm-natural operators corresponding to systems of M fy,-

natural opemtors(of the form Q ~ @' T @ ®*T*) as in Corollaries 5.4—5.8.
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If r =0, then l,11,ls = 0 only. Consequently EA = (EAI?Q,EAI;(O)), EAT =
(BAS0 BAGO) BAG0.0) pAG(0.00))  BAe — (BA5.00 BR300 BAGoo = (0)
EA%0 = (EAS,O;@7 EAS,U;(O)). So, Theorem 6.1 for r =0 can be read as follows.

The M fm-natural operators C : Q ~» QT lifting classical linear connections to
the cotangent bundle are in the bijection with the 10-tuples (EN;@, .. .,EAng;(O))
containing of M f,-natural operators

)

EAY . QT 0T ®T,
EA0.QwTeT 0T o1,

B QT 0T T,

EAO . Qw ToT o T 0 T,

EA00 . Qs (TOT)@T* @ T* @ T,
EAG0.00) . 0 (TeoToT) T @T* T,
E250? . Qs T 0T e TF,

F26.05(0) . Q~TRT T ®T*,

B0 QT T o T,

B0 QwmTeT* 0T eT

Using the description of M f,,-natural operators Q ~ Q" T @ ®T* of [3]
(see item 1), we can explicitly describe the above 10-tuples. For example, any
M f,-natural operator EASO Q~T*®T*®T is the linear combination (with
real coefficients) of three M f,,-natural operators (the connection torsion operator
Ty, the operator 6 ® C1Ty (the tensor multiplication of the identity tensor field
Opr : TM — TM and the contraction of the connection torsion) and the operator
CiTg @6%;). In the case of torsion free connections, any such operator is the zero
one. Similarly, any M f,,-natural operator EANO) Q~~»~TRT*"RT*"®T is
the linear combination of two connection independent natural tensors (from the
identity tensor TM @ TM — TM ® TM by means of the permutations of indices),
e.t.c. In this way, we may reobtain (in another form) the result of M. Kures [5] (in
the case of natural operators @, ~» QT™*) and get a more general similar result in
the case of not necessarily torsion free connections.

The explanation of our result in the case » = 1 (i.e. in the case of natural
operators Q ~+» QJ'T* lifting classical linear connections to the first jet prolon-
gation of the cotangent bundle) is more sophisticated but feasible. Indeed, if
r =1, then [,11,lo = 0,1. Consequently EA = (EAl;(D,EAl‘(O)). Next, EAY =
(EA?J(D’EA?J;(O)7EA%;(l)’EAg;(O,O)) EA%;(O,1)7EA§;(1,1)’EA%;(O,O,O)7EA§;(O,O,1),
EA%;(O,LI)’EA(Q);(I,IJ)) and EAf _ (EAf;(D’EA%;(O)’EA%;(I)’EA%;(0,0),EA%(O,I)’
EA%;(l,l))EAf;(O,O,O)7 EA%;(O,0,1)7EA%(O,1,1))EA%;(1,1,1)7EA%;(O,O,O,O), EA%;(O,O,OJ),
EATO0.LD) pATO.LL1) pAT(LLLY))  Next EALo = (EAT00; BALoi(0) | BAT0i(1),
EA‘ll,f);(0,0)7EAi‘,o;(O,l)7Eﬁ‘f,o:(l,l))7 EA60 — (EAg,()?@’EAé,r)?(O)’EAg,o?(l))’ EALL —

(BAL0 pALGO0) BALM)Y and BA = (E201:9). Similarly EA01 = (BA010,
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BA0) pAL(1) pAG:0.0) pAGL0.) pAT (L)) pATe = (FASe? BAGe(0),
EA0W) gAY = (BAT.0 pALGO) gAY () and EAYe = (BEAY0?). Next
EAcg),o,1 - (EAg,o,l?@)’ and EA?JNQ = (0) ifl=1orly =1o0rly =0.

So, Theorem 6.1 for » = 1 can be read as follows.

The M f,-natural operators Q ~ QJT* are in (the) bijection with the 54-
tuples of M fp,-natural operators

EAY . QT 2T aT,

EAS,D,ﬁ@ Q~TRTRT " RT™.

Clearly, the dots denote the respective types M f,,-natural operators (we do not
present the dots explicitly because this would require about two pages). Using the
description of M f,,-natural operators Q ~ Q" T @ QT of [3] (see item 1) we
may describe explicitly all above 54-tuples and describe explicitly all M f,,-natural
operators C : Q ~» QJ'T*.
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