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ON EXPONENTIATION AND MULTIPLICATION OF n-ARY

HYPERALGEBRAS

NITIMA CHAISANSUK

Abstract. In the paper, a new operation of product of n-ary hyperalgebras is intro-
duced and studied which lies between their direct product and the direct product of

their idempotent hulls. With respect to the product introduced, we give sufficient

conditions for the validity of the first exponential law and a weak form of the second
exponential law for a natural exponentiation of n-ary hyperalgebras.

1. Introduction

Birkhoff’s direct arithmetic of partially ordered sets [1] was extended to relational
systems by several authors, see, e.g., [6, 7] and [9, 10]. Conversely, the cardinal
arithmetic has been restricted from relational systems to (n-ary) algebras in [11],
to partial algebras in [13] and to hyperalgebras in [12]. In the present paper, we
continue the study of the arithmetic of hyperalgebras from [12]. Note that, as for
generality, hyperalgebras lie between relational systems and algebras because al-
gebras are the relational systems that are both partial algebras and hyperalgebras.

In [7], M. Novotný and J. Šlapal introduced and studied a new operation of
product of relational systems which is a combination of their direct sum and direct
product. In this note, we restrict the operation of product discussed in [7] to
hyperalgebras. We will study the behavior of the product obtained and will find
conditions under which a naturally defined exponentiation of n-ary hyperalgebras
satisfies the first exponential law with respect to the product.

The theory of hyperalgebras has intensively been studied since the beginning
of 1990’s (see [2]) when hyperalgebras proved to be useful for many application in
various branches of mathematics and computer science (automata theory). The
aim of the present paper is to contribute to further development of the theory of
hyperalgebras. We will focus on the arithmetic of n-ary hyperalgebras. First, we
will introduce the operation of the direct sum od n-ary hyperalgebras in a natural
way and show that it is compatible with the direct product of the hyperalgebras in
the sense that the direct product distributes over it. Then, we will introduce a new
operation for n-ary hyperalgebras, called the combined product, and investigate its
behavior. In particular, we will be interested in the relationship of the combined
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product to the naturally defined exponentiation of n-ary hyperalgebras. We will
find sufficient conditions for the validity of the first exponential law and a weak
form of the second exponential law with respect to the combined product.

2. Combined product of n-ary hyperalgebras

Given sets G,H, we denote by GH the set of all mappings of H into G. It is easy
to see that there is a bijection ϕ : (GH)K → GH×K(where × denotes the cartesian
product) given by ϕ(h)(x, y) = h(y)(x) whenever h ∈ (GH)K , x ∈ H and y ∈ K.
The bijection ϕ will be called canonical.

Throughout the paper, maps f : G → H (G,H sets) will often be denoted by
indexed sets (fi; i ∈ G) where fi ∈ H for every i ∈ G. Then, of course, fi means
f(i) for every i ∈ G.

Let n be a non-negative integer. By an n-ary hyperalgebra we understand
a pair G = (G, p) where G is a non-empty set, called the carrier of G, and
p : Gn →expG\{∅} is a map, called the n-ary hyperoperation of G. To avoid some
unwanted singularities, we do not consider the trivial case n = 0, i.e., we restrict
our considerations to n-ary hyperalgebras with n > 0 only. An n-ary hyperalgebra
G = (G, p) with the property card p(x1, . . . , xn) = 1 for every x1, . . . , xn ∈ G is
called an n-ary algebra. Binary hyperalgebras are usually called hypergroupoids.

Given an n-ary hyperalgebra G = (G, p) and non-empty subsets X1, . . . , Xn of
G, we put p(X1, . . . , Xn) =

⋃
{p(x1, . . . , xn);x1 ∈ X1, . . . , xn ∈ Xn}.

Let G = (G, p), H = (H, q) be a pair of n-ary hyperalgebras. Then, G is called
a subhyperalgebra of H provided that G ⊆ H and p(x1, . . . , xn) = q(x1, . . . , xn)
whenever x1, . . . xn ∈ G. Given n-ary hyperalgebras G, H with the same carrier
G, we put G ≤ H if p(x1, . . . , xn) ⊆ q(x1, . . . , xn) whenever x1, . . . xn ∈ G. A
map f : H → G is called a homomorphism of H into G if f(q(x1, . . . , xn)) ⊆
p(f(x1), . . . , f(xn)). The set of all homomorphisms of H into G will be de-
noted by Hom(H,G). If f is a bijection of H onto G and f(q(x1, . . . , xn)) =
p(f(x1), . . . , f(xn)) whenever x1, . . . , xn ∈ H , then f is called an isomorphism of
H onto G. In other words, an isomorphism of H onto G is a bijection f : H → G
such that f is a homomorphism of H into G and f−1 is a homomorphism of G
into H. If there is an isomorphism of H onto G, then we write H ∼= G and say
that H and G areisomorphic. We say that H may be embedded into G and write
H � G if there exists a subhyperalgebra G′ of G such that H ∼= G′.

The direct product of a non-empty family Gi = (Gi, pi), i ∈ I, of n-ary hy-
peralgebras is the n-ary hyperalgebra

∏
i∈I Gi = (

∏
i∈I Gi, q) where

∏
i∈I Gi is

the cartesian product and q is given by q(f1, . . . , fn) =
∏
i∈I pi(f1(i), . . . , fn(i))

whenever f1, . . . , fn ∈
∏
i∈I Gi. If the set I is finite, say I = {1, . . . ,m}, then we

write G1× . . .×Gm instead of
∏
i∈I Gi. If Gi = G for every i ∈ I, then we write

GI instead of
∏
i∈I Gi.

The direct sum of a family Gi = (G, pi), i ∈ I, of n-ary hyperalgebras is the n-
ary hyperalgebra

∑
i∈I Gi = (G, q) where, for every x1, . . . , xn ∈ G, q(x1, . . . , xn)

=
⋃
i∈I pi(x1, . . . , xn). If the set I is finite, say I = {1, . . . ,m}, then we write

G1 ] . . . ]Gm instead of
∑
i∈I Gi.

An n-ary hyperalgebra G = (G, p) is said to be idempotent if, for every x ∈ G,
x ∈ p(x1, . . . , xn) whenever x = x1 = . . . = xn. Let G = (G, p) be an n-ary
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hyperalgebra. For every x1, . . . , xn ∈ G, we put

p̄(x1, . . . , xn) =

{
p(x1, . . . , xn) ∪ {x} if there is x ∈ G with x = x1 = . . . = xn,
p(x1, . . . , xn) if there are i, j ∈ {1, . . . , n} with xi 6= xj .

The n-ary hyperalgebra (G, p̄) is called the idempotent hull of G and is denoted
by Ḡ.

Let Gi = (Gi, pi), i ∈ I, be a non-empty family of n-ary hyperalgebras. The
combined product of the family Gi, i ∈ I, is the n-ary hyperalgebra

⊗
i∈I Gi =

(
∏
i∈I Gi, r) given by

⊗
i∈I Gi =

∑
i∈I
∏
j∈I Gij where

Gij =

{
Ḡj if i = j,
Gj if i 6= j.

Thus, for any (xi1; i ∈ I), . . . , (xin; i ∈ I) ∈
∏
i∈I Gi, we have (xi; i ∈ I) ∈

r((xi1; i ∈ I), . . . , (xin; i ∈ I)) if and only if there exists a subset J ⊆ I, card J ≤ 1,
such that xi ∈ pi(xi1, . . . , xin) for every i ∈ I \ J and xi = xi1 = xi2 = . . . = xin and
for every i ∈ J.

If the set I is finite, say I = {1, . . . ,m}, we write G1 ⊗ . . . ⊗Gm instead of⊗
i∈I Gi. We then clearly have G1⊗ . . .⊗Gm = (G11×G12× . . .×G1m)](G21×

G22 × . . . ×G2m) ] . . . ] (Gm1 ×Gm2 . . . ,×Gmm) = (Ḡ1 ×G2 × . . . ×Gm) ]
(G1

¯×G2 × . . .×Gm) ] . . . ] (G1 ×G2 × . . .× Ḡm). In particular, if I = {1, 2},
then, for any (x1, y1), . . . , (xn, yn) ∈ G1 ×G2, (x, y) ∈ r((x1, y1), . . . , (xn, yn)) if
and only if one of the following three conditions is satisfied:

(i) x ∈ p1(x1, . . . , xn) and y ∈ p2(y1, . . . , yn),
(ii) x = x1 = x2 = . . . = xn and y ∈ p2(y1, . . . , yn),
(iii) x ∈ p1(x1, . . . , xn) and y = y1 = y2 = . . . = yn.

If I is a singleton, say I = {j}, then
⊗

i∈I Gi = Ḡj .

Remark 2.1. Let Gi, i ∈ I be a family of n-ary hyperalgebras. We clearly have∏
i∈I Gi ≤

⊗
i∈I Gi ≤

∏
i∈I Ḡi =

⊗
i∈I Ḡi and

⊗
i∈I Gi ≤

⊗
i∈I Ḡi. If Gi is

idempotent for every i ∈ I, then all the previous inequalities become equalities. If
at most one of the n-ary hyperalgebras Gi, i ∈ I, is not idempotent, then

⊗
i∈I Gi

is idempotent.

The following statement shows that the direct sum of n-ary hyperalgebras is
compatible with their direct product in the sense that the direct product dis-
tributes over it.

Theorem 2.2. Let Gi = (Gi, pi), i ∈ I, be a non-empty family of n-ary hy-
peralgebras and let H = (H, q) be an n-ary hyperalgebra. Then

∑
i∈I H ⊗Gi =

H⊗
∑
i∈I Gi.

Proof. Let
∑
i∈I Gi = (G, s),H ⊗ Gi = (H × G, ri) for each i ∈ I, H ⊗∑

i∈I Gi = (H × G, u) and
∑
i∈I H ⊗ Gi = (H × G, v). We will show that

u((x1, y1), . . . , (xn, yn)) = v((x1, y1), . . . , (xn, yn)) for every (x1, y1), . . . , (xn, yn) ∈
H ×G. It is easy to see that the following five conditions are equivalent:

(a) (x, y) ∈ u((x1, y1), . . . , (xn, yn));
(b) one of the following three cases occurs:

(i) x ∈ q(x1, . . . , xn) and y ∈ s(y1, . . . , yn),
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(ii) x = x1 = x2 = . . . = xn and y ∈ s(y1, . . . , yn),
(iii) x ∈ q(x1, . . . , xn) and y = y1 = y2 = . . . = yn;

(c) one of the following three cases occurs:
(i) x ∈ q(x1, . . . , xn) and y ∈ pi(y1, . . . , yn) for some i ∈ I,

(ii) x = x1 = x2 = . . . = xn and y ∈ pi(y1, . . . , yn) for some i ∈ I,
(iii) x ∈ q(x1, . . . , xn) and y = y1 = y2 = . . . = yn;

(d) (x, y) ∈ ri((x1, y1), . . . , (xn, yn)) for some i ∈ I;
(e) (x, y) ∈ v((x1, y1), . . . , (xn, yn)).

This proves the statement. �

3. Power of hyperalgebras

Definition 3.1. An n-ary hyperalgebra (G, p) is called medial if, for every
n× n-matrix (aij) over G, from xi ∈ p(ai1, . . . , ain) for each i = 1, . . . , n and yj ∈
p(a1j , . . . , anj) for each j = 1, . . . , n, it follows that p(x1, . . . , xn) = p(y1, . . . , yn).

The medial n-ary algebras are studied in [11]. The mediality may be extended,
in a natural way, from n-ary algebras to universal algebras. The medial universal
algebras are then often called commutative or the universal algebras satisfying the
interchange law and are dealt with, e.g., in [4, 5] and [11]. The medial groupoids
are studied in [3].

Example 3.2. (1) Let (X,≤) be a partially ordered set with a least element 0
and let A be the set of all atoms of (X,≤). Put 0′ = {0} and, for any x ∈ X with
x 6= 0, put x′ = {y ∈ X; y < x and y ∈ A ∪ {0}}. Further, for any pair x, y ∈ X,
put x∗y = x′∩y′. Then, (X, ∗) is a medial hypergroupoid. Indeed, it can easily be
seen that, for any a, b, c, d ∈ X, we have x ∗ y = f ∗ g whenever x ∈ a ∗ b, y ∈ c ∗ d,
f ∈ a ∗ c and g ∈ b ∗ d.

(2) Every unary algebra G consisting of two-element cycles only is medial and,
moreover, the n-ary hyperalgebra Ḡ is medial, too.

Lemma 3.3. Let H = (H, q) and G = (G, p) be n-ary hyperalgebras and
let f1, . . . , fn ∈ Hom(H,G). Let f : H → G be a map such that f(x) ∈
p(f1(x), . . . , fn(x)) for every x ∈ H. If G is medial, then f is a homomorphism
from H into G.

Proof. Let x1, . . . , xn ∈ H. We will show that f(q(x1, . . . , xn)) ⊆ p(f(x1), . . . ,
f(xn)). Let y ∈ f(q(x1, . . . , xn)). Then, there exists x ∈ q(x1, . . . , xn) such that
y = f(x), so that f(x) ∈ f(q(x1, . . . , xn)). Since f1, . . . , fn ∈ Hom(H,G) and x ∈
q(x1, . . . , xn), we have fj(x) ∈ fj(q(x1, . . . , xn)) ⊆ p(fj(x1), . . . , fj(xn)) for each
j = 1, . . . , n. By the assumption, we have f(xi) ∈ p(f1(xi), . . . , fn(xi)) for each i =
1, . . . , n and f(x) ∈ p(f1(x), . . . , fn(x)). Since G is medial, p(f1(x), . . . , fn(x)) =
p(f(x1), . . . , f(xn)). Thus, y = f(x) ∈ p(f(x1), . . . , f(xn)). �

The previous lemma enables us to define:

Definition 3.4. Let G = (G, p) and H = (H, q) be n-ary hyperalgebras and
let G be medial. The power of G and H is the n-ary hyperalgebra GH =
(Hom(H,G), r) where, for any f1, . . . , fn ∈ Hom(H,G), r(f1, . . . , fn) = {f ∈
GH ; f(x) ∈ p(f1(x), . . . , fn(x)) for each x ∈ H}.
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It is easy to see that the power GH of n-ary hyperalgebras is idempotent when-
ever G is idempotent (and medial).

Theorem 3.5. Let G,H be n-ary hyperalgebras. If G is medial, then so is
GH.

Proof. Let G = (G, p), H = (H, q), GH = (Hom(H,G), r) and let (fij) be an
n × n-matrix over Hom(H,G). Suppose hi ∈ r(fi1, . . . , fin) for all i = 1, . . . , n
and gj ∈ r(f1j , . . . , fnj) for all j = 1, . . . , n. For every x ∈ H, we have hi(x) ∈
p(fi1(x), . . . , fin(x)) for all i = 1, . . . , n and gj(x) ∈ p(f1j(x), . . . , fnj(x)) for all j =
1, . . . , n. Since G is medial, we have p(h1(x), . . . , hn(x)) = p(g1(x), . . . , gn(x)) for
every x ∈ H. Therefore, r(h1, . . . , hn) = r(g1, . . . , gn), so that GH is medial. �

Definition 3.6. An n-ary hyperalgebra (G, p) is called diagonal if, for ev-
ery n × n-matrix (aij) over G, we have p(p(a11, . . . , a1n), . . . , p(an1, . . . , ann)) ∩
p(p(a11, . . . , an1), . . . , p(a1n, . . . , ann)) ⊆ p(a11, . . . , ann).

For idempotent algebras, the diagonality introduced coincides with the diago-
nality studied in [8].

Example 3.7. It may easily be seen that the hypergroupoid from Example 3.2
is diagonal.

Theorem 3.8. Let G,H be n-ary hyperalgebras. If G is medial and diagonal,
then GH is diagonal.

Proof. Let G = (G, p), H = (H, q), GH = (Hom(H,G), r) and let (fij) be an
n× n-matrix over Hom(H,G). Suppose that f ∈ r(r(f11, . . . , f1n), . . . , r(fn1, . . . ,
fnn)) ∩ r(r(f11, . . . , fn1), . . . , r(f1n, . . . , fnn)). Then, f(x) ∈ p(p(f11(x), . . . ,
f1n(x)), . . . , r(fn1(x), . . . , fnn(x))) ∩ p(p(f11(x), . . . , fn1(x)), . . . , p(f1n(x), . . . ,
fnn(x))) for every x ∈ H. Since G is diagonal, we have f(x) ∈ p(f11(x), . . . ,
fnn(x)) for every x ∈ H. Thus, f ∈ r(f11, . . . , fnn). Hence, GH is diagonal. �

We will find sufficient conditions for the validity of the first exponential law for
exponentiation of n-ary hyperalgebras with respect to the combined product, i.e.,
the law

(GH)K ∼= GH⊗K.

Lemma 3.9. Let G,H,K be n-ary hyperalgebras and let G be medial and diago-
nal. Then, the canonical bijection ϕ : (GH)K → GH×K restricted to Hom(K,GH)
is a bijection of Hom(K,GH) onto Hom(H⊗K,G).

Proof. Let G = (G, p), H = (H, q), K = (K, s), GH = (Hom(H,G), r),H ⊗
K = (H ×K, v) and let G be diagonal and medial.

Let h ∈ Hom(K,GH) and let (y1, z1), . . . , (yn, zn) ∈ H × K. To show that
ϕ(h)(v((y1, z1), . . . , (yn, zn)) ⊆ p(ϕ(h)(y1, z1), . . . , ϕ(h)(yn, zn)), let x ∈ ϕ(h)
(v((y1, z1), . . . , (yn, zn))). Then, there exists (y, z) ∈ v((y1, z1), . . . , (yn, zn)) such
that x = ϕ(h)(y, z). Thus, one of the following three conditions is satisfied:

(i) y ∈ q(y1, . . . , yn) and z ∈ s(z1, . . . , zn),
(ii) y = y1 = y2 = . . . = yn and z ∈ s(z1, . . . , zn),
(iii) y ∈ q(y1, . . . , yn) and z = z1 = z2 = . . . = zn.
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If z ∈ s(z1, . . . , zn), then h(z) ∈ h(s(z1, . . . , zn)) ⊆ r(h(z1), . . . , h(zn)), hence
ϕ(h)(y, z) = h(z)(y) ∈ p((h(z1)(y), . . . , h(zn)(y)) = p(ϕ(h)(y, z1), . . . , ϕ(h)(y, zn)
for every y ∈ H. Thus, ϕ(h)(y, z) ∈ p(ϕ(h)(y1, z1), . . . , ϕ(h)(yn, zn)) provided that
(ii) is satisfied.

If y ∈ q(y1, . . . , yn), then ϕ(h)(y, z) = h(z)(y) ∈ h(z)(q(y1, . . . , yn)) ⊆ p(h(z)
(y1), . . . , h(z)(yn)) = p(ϕ(h)(y1, z), . . . , ϕ(h)(yn, z)) for every z ∈ K. Thus,
ϕ(h)(y, z) ∈ p(ϕ(h)(y1, z1), . . . , ϕ(h)(yn, zn)) provided that (iii) is satisfied.

Suppose that (i) is satisfied. Since z ∈ s(z1, . . . , zn), by the above considera-
tions, we have ϕ(h)(yi, z) ∈ p(ϕ(h)(yi, z1), . . . , ϕ(h)(yi, zn)) for every i = 1, . . . , n
and ϕ(h)(y, z) ∈ p(ϕ(h)(y, z1), . . . , ϕ(h)(y, zn)). Since y ∈ q(y1, . . . , yn), by the
above considerations we have ϕ(h)(y, zj) ∈ p(ϕ(h)(y1, zj), . . . , ϕ(h)(yn, zj)) for ev-
ery j = 1, . . . , n and ϕ(h)(y, z) ∈ p(ϕ(h)(y1, z), . . . , ϕ(h)(yn, z)). The diagonality
of G implies ϕ(h)(y, z) ∈ p(ϕ(h)(y1, z1), . . . , ϕ(h)(yn, zn)). We have shown that
ϕ(h) ∈ Hom(H⊗K,G).

Let g ∈ Hom(H⊗K,G), z1, . . . , zn ∈ K . To show that ϕ−1(g)(s(z1, . . . , zn))
⊆ r (ϕ−1(g)(z1) , . . . , ϕ−1(g)(zn)), let x ∈ ϕ−1(g)(s(z1, . . . , zn)). Then, there
exists z ∈ s(z1, . . . , zn) such that x ∈ ϕ−1(g)(z). Let y ∈ H. Thus, (y, z) ∈
v((y, z1), . . . , (y, zn)). Since g ∈ Hom(H⊗K,G), we have g(y, z) ∈ g(v((y, z1)
, . . . , (y, zn)) ⊆ p(g(y, z1), . . . , g(y, zn)). It follows that ϕ−1(g)(z)(y) ∈ p(ϕ−1(g)
(z1)(y) , . . . , ϕ−1(g)(zn)(y)), hence ϕ−1(g)(z) ∈ p(ϕ−1(g)(z1), . . . , ϕ−1(g)(zn)).
Therefore, ϕ−1(g)(s(z1, . . . , zn)) ⊆ r(ϕ−1(g)(z1), . . . , ϕ−1(g)(zn)). Consequently,
ϕ−1(g) ∈ Hom(K,GH). �

Theorem 3.10. Let G,H,K be n-ary hyperalgebras. If G is medial and diag-
onal, then

(GH)K ∼= GH⊗K.

Proof. Let G = (G, p), H = (H, q), K = (K, s), GH = (Hom(H,G), r),H ⊗
K = (H × K, v), (GH)K = (Hom(K,GH), t), GH⊗K = (Hom(H ⊗ K,G), u)
and let G be diagonal and medial. Because of Lemma 3.9, we are to show that
ϕ(t(h1, . . . , hn)) = u(ϕ(h1), . . . , ϕ(hn)) whenever h1, . . . , hn ∈ Hom(K,GH).

Let x ∈ ϕ(t(h1, . . . , hn)). Then, there exists h ∈ t(h1, . . . , hn) such that x =
ϕ(h). Since h ∈ t(h1, . . . , hn), we have h(z) ∈ r(h1(z), . . . , hn(z)) for every z ∈ K.
Therefore, h(z)(y) ∈ p(h1(z)(y), . . . , hn(z)(y)) for every y ∈ H. Thus ϕ(h)(y, z) ∈
p(ϕ(h1)(y, z), . . . , ϕ(hn)(y, z)) for every (y, z) ∈ H ×K. Hence, ϕ(h) ∈ u(ϕ(h1),
. . . , ϕ(hn)). Consequently, ϕ(t(h1, . . . , hn)) ⊆ u(ϕ(h1), . . . , ϕ(hn)).

Conversely, let x ∈ u(ϕ(h1), . . . , ϕ(hn)). By Lemma 3.9, there exists h ∈
Hom(K,GH) with x = ϕ(h), so that ϕ(h) ∈ u(ϕ(h1), . . . , ϕ(hn)). Then, ϕ(h)(y, z)
∈ p(ϕ(h1)(y, z) , . . . , ϕ(hn)(y, z)) for every (y, z) ∈ H×K, which implies h(z)(y) ∈
p(h1(z)(y) , . . . , hn(z)(y)) for every y ∈ H and z ∈ K. It follows that h(z) ∈
r(h1(z), . . . , hn(z)) for every z ∈ K. Therefore, h ∈ t(h1, . . . , hn), thus ϕ(h) ∈
ϕ(t(h1, . . . , hn)). Hence, u(ϕ(h1), . . . , ϕ(hn)) ⊆ ϕ(t(h1, . . . , hn)).

We have shown that ϕ(t(h1, . . . , hn)) = u(ϕ(h1), . . . , ϕ(hn)). Thus, (GH)K is
isomorphic to GH⊗K. �

Remark 3.11. It follows from Theorem 3.10 that the first exponential law with
respect to the direct product, i.e., the law (GH)K ∼= GH×K, is valid whenever
G,H,K are n-ary hyperalgebras, G medial and diagonal and H,K idempotent.



ON EXPONENTIATION AND MULTIPLICATION OF HYPERALGEBRAS 111

This result was proved in [12]. But Theorem 3.10 says that, with respect to the
combined product, the first exponential law is satisfied for any n-ary hyperalgebras
H,K, not only for idempotent ones.

It may easily be seen that the direct product of a family of medial n-ary hy-
peralgebras is a medial n-ary hyperalgebra. But this is not generally true for the
combined product of n-ary hyperalgebras. With respect to the combined product,
we have the following weak form of the second exponential law:

Proposition 3.12. Let Gi, i ∈ I, be a non-empty family of medial n-ary
hyperalgebras and H be an n-ary hyperalgebra. If

⊗
i∈I Gi is medial, then⊗

i∈I
GH
i � (

⊗
i∈I

Gi)
H.

Proof. Let Gi = (Gi, p
i) for every i ∈ I, H = (H, q),

⊗
i∈I Gi = (

∏
i∈I Gi, r),

GH
i = (Hom(H,Gi), u

i) for every i ∈ I,
⊗

i∈I Gi
H = (

∏
i∈I Hom(H,Gi), s) and

(
⊗

i∈I Gi)
H = (Hom(H,

⊗
i∈I Gi), t). We define a map α :

∏
i∈I Hom(H,Gi)→

(
∏
i∈I Gi)

H by α(f i; i ∈ I)(z) = (f i(z); i ∈ I) for each z ∈ H.

Let (f i; i ∈ I) ∈
∏
i∈I Hom(H,Gi). Let h ∈ α(f i; i ∈ I)(q(x1, . . . , xn)).

Then, h = α(f i; i ∈ I)(x) where x ∈ q(x1, . . . , xn). Thus, h = α(f i; i ∈ I)(x) =
(f i(x); i ∈ I). Since x ∈ q(x1, . . . , xn) and f i ∈ Hom(H,Gi) for every i ∈ I, we
have f i(x) ∈ pi(f i(x1), . . . , f i(xn)) for every i ∈ I. Thus, h = (f i(x); i ∈ I) ∈
r((f i(x1); i ∈ I), . . . , (f i(xn); i ∈ I)) = r(α(f i; i ∈ I)(x1), . . . , α(f i; i ∈ I)(xn)).
Consequently, α(f i; i ∈ I)(q(x1, . . . , xn)) ⊆ r(α(f i; i ∈ I)(x1), . . . , α(f i; i ∈
I)(xn)). Therefore, α(f i; i ∈ I) ∈ Hom(H,

⊗
i∈I Gi). We have shown that α

maps
∏
i∈I Hom(H,Gi) into Hom(H,

⊗
i∈I Gi).

Suppose that α(f i; i ∈ I) = α(gi; i ∈ I) where (f i; i ∈ I), (gi; i ∈ I) ∈∏
i∈I Hom(H,Gi). Then (f i(x); i ∈ I) = α(f i; i ∈ I)(x) = α(gi; i ∈ I)(x) =

(gi(x); i ∈ I) for every x ∈ H. Therefore, f i(x) = gi(x) for every i ∈ I and
for every x ∈ H. Hence, f i = gi for every i ∈ I. Thus, α:

∏
i∈I Hom(H,Gi) →

Hom(H,
⊗

i∈I Gi) is an injection.

Finally, let (f i1; i ∈ I), . . . , (f in; i ∈ I) ∈
∏
i∈I Hom(H,Gi). We are to show

that α(s((f i1; i ∈ I), . . . , (f in; i ∈ I))) = t(α(f i1; i ∈ I), . . . , α(f in; i ∈ I)). It is
easy to see that the following seven conditions are equivalent:

(a) f ∈ α(sλ((f i1; i ∈ I), . . . , (f in; i ∈ I)));
(b) f = α(f i; i ∈ I) where (f i; i ∈ I) ∈ s((f i1; i ∈ I), . . . , (f in; i ∈ I));
(c) f = α(f i; i ∈ I) and there exists J ⊆ I, card J ≤ 1, such that f i ∈

ui(f i1, . . . , f
i
n) for every i ∈ I \ J and f i = f i1 = f i2 = . . . = f in for every

i ∈ J ;
(d) f(x) = (f i(x); i ∈ I) for every x ∈ H and there exists J ⊆ I, card J ≤ 1,

such that f i(x) ∈ piλ(f i1(x), . . . , f in(x)) for every i ∈ I \J and every x ∈ H
and f i(x) = f i1(x) = f i2(x) = . . . = f in(x) for every i ∈ J and every x ∈ H;

(e) f(x) = (f i(x); i ∈ I) ∈ r((f i1(x); i ∈ I), . . . , (f in(x); i ∈ I)) for every
x ∈ H;

(f) f(x) ∈ r(α(f i1; i ∈ I)(x), . . . , α(f in; i ∈ I)(x)) for every x ∈ H;
(g) f ∈ t(α(f i1; i ∈ I), . . . , α(f in; i ∈ I)).
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Consequently, α(s((f i1; i ∈ I), . . . , (f in; i ∈ I))) = t(α(f i1; i ∈ I), . . . , α(f in; i ∈ I)),
which yields

⊗
i∈I GH

i � (
⊗

i∈I Gi)
H. �

Remark 3.13. It may easily be shown that, in the previous Proposition, we
may write ∼= instead of � provided that Gi is idempotent for every i ∈ I. We then
obtain the second exponential law for the direct product, i.e., the law

∏
i∈I GH

i
∼=

(
∏
i∈I Gi)

H. We leave it as an open problem to find a necessary and sufficient
condition for the validity of the second exponential law for the direct power of n-
ary hyperalgebras with respect to the combined product, i.e., the law

⊗
i∈I GH

i
∼=

(
⊗

i∈I Gi)
H.
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