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THE BAKER-CAMPBELL-HAUSDORFF FORMULA AND
THE ZASSENHAUS FORMULA IN SYNTHETIC
DIFFERENTIAL GEOMETRY
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Abstract. After the torch of Anders Kock [6], we will establish the Baker-Campbell-
Hausdorff formula as well as the Zassenhaus formula in the theory of Lie groups.

1. INTRODUCTION

The Baker-Campbell-Hausdorff formula (the BCH formula for short) was first
discovered by Campbell ([2] and [3]) on the closing days of the 19th century so as to
construct a Lie group directly from a given Lie algebra (i.e., Lie’s third fundamental
theorem !). However, his investigation failed in convergence problems, let alone
dealing only with matrix Lie algebras. The BCH formula was finally established
by Baker [1] and Hausdorff [5] independently within a somewhat more abstract
framework of formal power series on the dawning days of the 20th century, getting
rid of convergence problems completely while losing touch with the theory of Lie
groups. The BCH formula resurrected its touch with the theory of Lie groups
thanks to Magnus [9] in the middle of the 20th century.

The BCH formula claims, roughly speaking, that the multiplication in a Lie
group is already encoded in its Lie algebra. More precisely, the multiplication in
a Lie group is expressible in terms of Lie brackets in its Lie algebra, which readily
gives rise to Lie’s second fundamental theorem in the theory of finite-dimensional
Lie groups, though the modern treatment of the theory of finite-dimensional Lie
groups is liable to base Lie’s second fundamental theorem somewhat opaquely
upon the Frobenius theorem.

The so-called Taylor formula was introduced by the English mathematician
called Brook Taylor in the early 18th century, though its pedigree can be traced
back even to Zeno in ancient Greece. Kock [6] has shown that the nature of
the Taylor formula in differential calculus is more combinatorial or algebraic than
analytical, dodging convergence problems completely, as far as we are admitted
to speak on the infinitesimal level, where nilpotent infinitesimals are available in
plenty. The principal objective of this paper is to do the same with the BCH
formula and its inverse companion called the Zassenhaus formula in the theory of
Lie groups, though we must confront the noncommutative world in sharp contrast
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to the Taylor formula living a commutative life. We have found out that the
Zassenhaus formula is much easier to deal with than the BCH formula itself,
albeit, historically speaking, the former having been found out by Zassenhaus [18]
within an abstract framework of formal power series more than three decades later
than the latter and its continuous counterpart having been established by Fer [4]
four years later than [9]. Strangely enough, our BCH formula diverges from the
usual one in the 4-th order. The BCH formula will be dealt with in §7 and §8 by
two different methods, while we will be concerned with the Zassenhaus formula in
§6. We approach the BCH formula in anticipation of its validity in §7 by using
only the left logarithmic derivative of the exponential mapping, while we will do
so from scratch in §8 by using both the left and right logarithmic derivatives of the
exponential mapping. As expected, the latter proofs are longer than the former
ones.

We will work within the framework of synthetic differential geometry as in [8].
We assume the reader to be familiar with Chapters 1-3 of [8]. Now we fix our termi-
nology and notation. Given a microlinear space M, we denote M by TM, while
we denote the tangent space of M at x € M by T,M = {y € TM |v(0) = z}.
Given a mapping f : M — N of microlinear spaces, its differential is denoted by
df, which is a mapping from TM to TN, assigning fo~y € TN to each v € TM.
We denote the identity mapping of M by idj;. The unit element of a group G
is usually denoted by e. In the proof of a theorem or the like, we insert some
comment surrounded with parentheses )(.

2. THE LIE ALGEBRA OF A LIE GROUP

Definition 2.1. A Lie group is a group which is microlinear as a space.

Notation 2.2. Given a Lie group G, its tangent space T.G at e is usually
denoted by its corresponding German letter g.

From now on, G will always be assumed to be a Lie group with g = T.G.

Proposition 2.3. Given X € g and (dy,d2) € D(2), we have
Xd1+d2 = Xdl-ng-

Proof. By the same argument as in Proposition 3, §3.2 of [8]. O
Corollary 2.4.

X_g=(Xa) "
Proof. Evidently

(d,—d) € D(2)

is obtained, so that we get
e=Xgy(—a)y=Xa X g=X_q.Xq4
by the above proposition. a
Proposition 2.5. Given X,Y € g and d € D, we have
(X+Y),=Xq.Ys=Ys. X4
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Proof. By the same argument as in Proposition 6, §3.2 of [8]. O

Theorem 2.6. Given X,Y € g, there exists a unique Z € g with
Xay Ya, X_a,.Y_u, = Za,a,
for any dy,ds € D.
Proof. By the same argument as in pp. 71-72 of [8]. O

Definition 2.7. We denote Z in the above theorem by [X, Y], so that we have
a function

[]axg—g
called the Lie bracket.
Theorem 2.8. The R-module g endowed with the Lie bracket [-,-]: g xg— g
is a Lie algebra.
Proof. By the same argument as in Proposition 7 (§3.2) of [8]. O

Proposition 2.9. Given a homomorphism

p:G—H
of Lie groups, the mapping
¢ tg—h
obtained as the restriction of the differential
dy: TG —-TH

to g = T.G is a homomorphism of Lie algebras.
Proof. Given X,Y € g and dy,ds € D, we have

(e ([X, Y1) g, a,

=@ ([Xv Y]dldz)
=@ (Xd1 .Yd2 -del .Y,dQ)

= (Xa,) ¢ (Ya,) 0 (X-a,) 0 (You,)
= (de (X))g, - (Ao (Y))g, - (de (X)) _y, - (de (V) _g,
=[de (X),de (Y)]4,q,
so that ¢’ preserves Lie brackets. g
The next simple lemma will be useful in the last section.
Lemma 2.10. Given X,Y € g, we have
(X, [V, [X Y = [V [X [XC Y]
Proof. This follows easily from the following Jacobi identity:
XY (X Y]+ [V X Y] X+ [[XC Y] (X Y] = 0.
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Notation 2.11. Given a Euclidean R-module V' which is microlinear as a
space, the totality of bijective homomorphisms of R-modules from V onto itself
is denoted by GL (V), which is a Lie group with composition of mappings as its
group operation (cf. Proposition 5 (§§3.2) of [8]). Its Lie algebra is usually denoted
by gl (V).

Proposition 2.12. Given a Fuclidean R-module V' which is microlinear as a
space, the Lie algebra gl (V) can naturally be identified with the Lie algebra of
homomorphisms of R-modules from V into itself with its Lie bracket

[o,¥] =potp—¢oyp
for any homomorphisms @, of R-modules from V into itself.

Proof. Given a mapping X : D — GL (V) with Xy = idy, there exists a unique
mapping ¢ : V — V such that

Xq(u) = u+do (u)

for any d € D and any u € V, since the R-module V is Euclidean by assumption.
Since Xy € GL (V), we have

au+dp (au) = Xg (au) = aXy (u) = au+ adp (u)
for any a € R, any u € V and any d € D, so that we get

¢ (qu) = ap (u)

for any @ € R and any uw € V, which implies that the mapping ¢ : V. — V is
a homomorphism of R-modules (cf. Proposition 10 (§§1.2) in [8]). Conversely,
given a homomorphism ¢ of R-modules from V into itself and d € D, idy + dy is
obviously a homomorphism of R-modules from V into itself, and we have

(idv +dp) o (idy — dp) = (idy — dp) o (idy + dip) = idy

so that the mapping idy +dy is bijective. Therefore we are sure that the R-module
gl (V) is naturally identified with the R-module of homomorphisms of R-modules
from V into itself. It remains to be shown that this identification preserves Lie
brackets. Let us assume that X € gl (V) corresponds to the homomorphism ¢ of
R-modules from V' into itself, while Y € gl (V') corresponds to the homomorphism
1 of R-modules from V into itself. Then, given dy,ds € D, we have

[X’ Y]dl d2
=X, Y, X—q,.Y_aq,
= (ldV + dlgo) o (ldV + dg’t/J) o (ldv - dl(p) o (ldv — dg’lﬁ)
={idv + dip + dotp + drdap 0 ¥} o {idy — d1p — da¥) + drdoip 0 P}
=idy —dip — datp + drdap 0 + dip — didap 0P + dat) — didat) 0 p + drdap 0t
=idy + dida (po ) — o)
so that our identification of gl (V') with the R-module of homomorphisms of R-
modules from V into itself indeed preserves Lie brackets. O
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3. THE ADJOINT REPRESENTATIONS

Notation 3.1. Given z € G, the mapping y € G — zyz~! € G is obviously a
homomorphism of groups, naturally giving rise to a mapping g — g as derivative,
which we denote by Adz € GL(g). Thus we have a homomorphism Ad : G —
GL (g) of groups, naturally giving rise to a mapping ad : g — gl(g) as derivative.

Theorem 3.2. Given X,Y € g, we have
(ad X) (V) =[X,Y].
Proof. Given d,d’ € D, we have
(AdXq) (Y)-Y), =XaYeo X gY_o
)By Proposition 2.5(
=[X, Y]y = (@[X,Y])y

so that we have the desired formula. O
4. THE EXPONENTIAL MAPPING

Our notions of a one-parameter subgroup, a left-invariant vector field, etc. are
standard, and it is easy to see that

Proposition 4.1. Given a mapping 0 : R — G, the following conditions are
equivalent:

(1) The mapping 6 : R — G is a one-parameter subgroup.
(2) The mapping 0 : R — G is a flow of a left invariant vector field on G with

0(0) =e.
(3) The mapping 0 : R — G is a flow of a right invariant vector field on G
with 6 (0) = e.

Notation 4.2. Given X € g, if there is a one-parameter subgroup 8 : R — G
with d (i5,) = X, then we write exp” X or exp X for 6 (1).

The following definition is borrowed from 38.4 in [7], which is, in turn, owing
to the research [11]-[16] of Omori et al.

Definition 4.3. A Lie group G is called regular provided that, for any mapping
¢ : R — g, there exists a mapping 0 : R — G with

(0)=e
and
0t +d) =0(t) < (t),
for any ¢t € R and any d € D.

From now on, we will assume the Lie group G to be regular, so that exp® : g —
G is indeed a total function.

Notation 4.4. Given ¢ € gl (V) with £"*! vanishing for some natural number

n, we write
noei
“=> 5
i—o v
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It is easy to see that

Lemma 4.5. Given & € gl(V) with "' vanishing for some natural number

n, we have
eXpGL(V) £=¢t.
Proposition 4.6. Given a homomorphism ¢ : G — H of Lie groups and
X € g, expt ¢ (X) is defined, and we have
exp ¢/ (X)=¢ (eXpG X).
Remark 4.7. The Lie group G is assumed to be regular, as we have said before,

but the Lie group H is not assumed to be regular, so that exp’ is not necessarily
a total function.

Proof. Tt suffices to note that, given a one-parameter subgroup 6 : R — G of G
with
do (i) = X,
the mapping ¢ 0 6 : R — H is a one-parameter subgroup of H with
d(pof) (ip) = ¢ (X).
O

Proposition 4.8. Given X € g with (adX)"'H vanishing for some natural
number n, we have

Ad (exp X) = X,
Proof. We have
Ad (expG X) = exp®FV) (ad X)
)By Proposition 4.6(
—pad X
)By Lemma 4.5(
O
We conclude this section by the following simple but significant proposition.
Proposition 4.9. We have
exp t (dX) = Xy
for any t € R. In particular, we have
exp dX = Xy
by setting t = 1.
Proof. For any d’ € D, we have
(dX)rq = Xpgana = Xtarara = Xea-Xaa
)By Proposition 2.3(
= (d4X), . (dX)

so that we have the desired conclusion. O
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5. LOGARITHMIC DERIVATIVES

In this section we deal with the left and right derivatives. First we deal with the
left derivative.

Definition 5.1. Given a microlinear space M and a function f: M — G, the
function
S TM — g
is defined to be such that
(df (X)), = f(x). (6" f (X)),
for any x € M, any X € T,M and any d € D. It is called the left logarithmic
derivative of f. The restriction of 8! f to T, M is denoted by 5 f (z).

The following is the Leibniz rule for the left logarithmic derivative.

Proposition 5.2. Let M be a microlinear space. Given two functions f,g :
M — G together with X € TM, we have

5 (£9) (X) = 69 (X) + Ad (g(2) ") (8" f (X))
with x = Xg.
Proof. For any d € D, we have
(8" (fg9) (X)),
=g(x)""f (2)7".f (Xa) .9 (Xa)
—g(@) " f (@) 7" f (Xa) .g(x).g(x) " g (Xa)
={Ad (g(@) ") (8" (X)) + o9 (X)}
)By Proposition 2.5(
so that we get the desired formula. O

Theorem 5.3. Given X € g with (ad X)nJr1 vanishing for some natural number

n, we have
(slef‘c (exp) (X) _ i (_1)17
(p+1)!

p=0

(ad X)P.

Proof. The proof is essentially along the lines of Lemma 4.27 of [10]. We have

(5 +1) 8" (exp) ((s + 1) X)

=0 (exp (s +1)-) (X)
)By the chain rule of differentiation(

=0'" ((exp s-) (exp ) (X)

=5 (exp t-) (X) 4+ Ad (exp (—t) X) (51‘3& (exp s+)) (X)
)By Proposition 5.2(

=t5""" (exp) (tX) + Ad (exp (—t) X) (56 (exp) (s X))
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so that, by letting
F (s) = 50" (exp) (sX)
so as to introduce a function F : R — L (g, g), we get
F(s+t)=F(t)+ Ad (exp (—t) X) (F (s)),

which earns us

F'(s) = F'(0) — (ad X) (F (s)) (5.1)
by fixing s and differentiaing with respect to ¢ at ¢ = 0. Since we have also

F' (5) = 8% (exp) (sX) + 56T (exp) (X)
we get
F'(0) = idy,
by letting s = 0, so that the formula (5.1) is transmogrified into the ordinary
differential equation
F'(s) =1idg — (ad X) (F'(s))

on L (g,g). Its unique solution with the initial condition of F'(0)’s vanishing is

n (_1)1’ gPt1

F(s)= ~—— (ad X)?,
-5 G
p=0
which results in the desired formula by letting s = 1. O

Proposition 5.4. Given X,Y € g with [X,Y] vanishing, we have
exp X.expY =exp X +Y.
In particular, we have
exp X.exp Y =exp Y.exp X.

Proof. Letting H (t) = exp X.exp tY.exp — (X +tY) so as to get a function
H :R — G, we have H (0) = e evidently. By differentiating H logarithmically, we
have

S H (¢)
=" (exp) (— (X +tY)) (=Y) + Ad (exp X +tY) (6" (exp) (tY) (V)
=—Y4+Ad (exp X +tY) (V)= Y + X)) = vy 41V =0
so that we have the desired formula. d
Proposition 5.5. Given X,Y € g and d1,ds € D, we have
exp d1 X.exp doY = exp doY.exp d1 X.exp dids [X,Y].
Proof. We have
exp diX + doY = exp di X. {6"" (exp) (d1 X) (Y)}

)ogarithmic derivative(

da

1
=exp le {Y — idl [X, Y]}
da
)By Theorem 5.3(
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1
=exp d1 X.Yqy,. <—2d1 [X, Y])
da

)By Proposition 2.5(
=exp d1 X.exp doY. exp —%dldg [X,Y]

)By Proposition 4.9(,

while we have
exp di X + doY =exp doY +d1 X = exp doY.exp d1 X. exp —%d1d2 Y, X]
by the same argument. Therefore we have
exp d1.X.exp doY. exp —%dldg [X,Y] =exp d2Y.exp d1 X.exp —%dldg Y, X].
By multiplying
exp %dldg [X,Y]
from the right and making use of Proposition 5.4, we get the desired formula. O
Now we deal with the right derivative.

Definition 5.6. Given a microlinear space M and a function f : M — G, the
function
SUEM f TM — g
is defined to be such that
(df (X)) = (8" f (X)), -f (2)
for any x € M, any X € T, M and any d € D. It is called the right logarithmic
derivative of f. The restriction of "M f to T, M is denoted by §8ht f ().

Proposition 5.7. Let M be a microlinear space. Given two functions f,g :
M — G together with X € TM, we have

UM (fg) (X) = 8" f (X) + Ad (f(x)) (678" (X))
with x = Xg.

Theorem 5.8. Given X € g with (ad X)n"'1 vanishing for some natural number
n, we have
. - 1
51BN (exp) (X) = Y ——— (ad X)”.

6. THE ZASSENHAUS FORMULA

Lemma 6.1. Given dy,...d,, € D, we have

di+ ...+ d,)™
()
: i< <l

for any natural number m with m < n.

Proof. The reader is referred to Lemma on p. 10 of [8]. O
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Theorem 6.2. Given X,Y € g and dy € D, we have
expd; (X +Y)=expdi X.exp d;Y.
Proof. We have

expd; (X +Y)=(X+Y),
)By Proposition 4.9(
=Xg,.Ya,
)By Proposition 2.5(
=exp d1 X.exp diY
)By Proposition 4.9(.

so that we have got to the desired formula.

Theorem 6.3. Given X,Y € g and dy,ds € D, we have

exp (di +do) (X +Y)
= exp (dl + d2) X. exp (dl + dg) Y. exp —dldQ [X, Y]

(d1 + d2)2

=exp (d1 +dg) X.exp (dy +da) Y.exp — 5

(X, Y]
Proof. We have

exp (dy +d2) (X 4+Y)

=expdi (X +Y)+da2 (X +Y)

=exp di (X +Y). {6 (exp) (i (X +Y)) (X +Y)}
)left logarithmic derivative(

=expdi (X +Y). (X +Y),
)By Theorem 5.3(

=expdi (X +Y).expde (X +7Y)
[By Proposition 4.9]

=exp d1 X.exp d1Y.exp do X.exp doY
)By Theorem 6.2(

=exp d1 X.exp doX.exp d1Y.exp di1ds [Y, X].exp d2Y
)By Proposition 5.5(

=exp d1 X.exp doX.exp d1Y.exp doY.exp dids [Y, X]
)By Proposition 5.4(

=exp (d1 + d2) X.exp (dy + ds) Y.exp didz [Y, X]
)By Proposition 5.4(

=exp (dy +d2) X.exp (di + dz) Y.exp —dids [X,Y]

so that we have got to the desired formula.
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Theorem 6.4. Given X,Y € g and dy,ds,ds € D, we have

exp (di +do +d3) (X +7Y)
=exp (di +dy +d3) X.exp (di +da 4 d3) Y.exp — (dida + did3 + dods) [X,Y].
exp didads [X 4 2Y,[X, Y]]

(dy + do + d3)?

=exp (dl +d2+d3)X.exp (d1+d2+d3)Y6Xp— B

dy +do + d3)*
eXpE—Ltﬁij—iL{X7+2K[X}YH.

Proof. We have

X,Y].

exp (di +da +d3) (X +Y)

=exp (d1+do) (X +Y)+d3(X+7Y)

=exp (di +do) (X +Y) . {5 (exp) ((d1 + do) (X +Y)) (X + Y)}d3
)left logarithmic derivative(

=exp (di +d2) (X +Y). (X +Y),,
)By Theorem 5.3(

=exp (dy +d2) (X +Y).exp d3 (X +Y)
)By Proposition 4.9(

=exp (d; +dg) X.exp (dy +da) Y.exp —d1d2 [X,Y] . exp d3X.exp d3Y
)By Theorems 6.2 and 6.3(

=exp (d1 +d2) X.exp d1Y.exp doY.exp —dids [X,Y] . exp dsX.exp d3Y

=exp (d1 +do +d3) X.exp d1Y.exp dids [Y, X].exp d2Y. exp dods [Y, X].
exp —d1dy [X,Y].exp —d1dads [[ X, Y], X] . exp d3Y

By moving exp d3X left towards exp (d; + d2) X
via Propositions 5.4 and 5.5

=exp (dy +da +d3) X.exp (d1 + d2) Y.exp dids [Y, X] . exp d1dads [V, X],Y].
exp dods [V, X].exp —d1da [X,Y].exp —d1d2ds [[X, Y], X] . exp d3Y
)By exchanging exp dydsz [Y, X]| and exp d2Y via Proposition 5.5(
=exp (d1 +do +d3) X.exp (d1 + do + d3) Y.exp dids [Y, X].
exp didads [[Y, X], Y] . exp dads3 [Y, X].
exp —d1dy [X,Y].exp —d1dad; [[X,Y],Y].exp —d1dads [[X, Y], X]

By moving exp d3Y left towards exp (dq +d2) Y
via Propositions 5.4 and 5.5

=exp (dl + do + d3) X.exp (d1 +doy + dg) Y.exp — (dldg + dids + d2d3) [X, Y] .
exp didads[X +2Y, [X, Y]]

so that we have got to the desired formula. O
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Theorem 6.5. Given X,Y € g and dy,ds,d3,ds € D, we have
exp (dy +do+ds+dy) (X +Y)
=exp (d1 +do+ds+dy) X.exp (d1 +do+ds +dy) Y.
exp — (dyds + dids + didy + dads + dady + dzdy) [ X, Y].
exp (dydads + didady + didsdy + dodsds) [X +2Y, [ X, Y]].
exp didadsds (— [X, [X, [X, Y]] - 31X, [V, [X, Y]] - 3[Y, Y, [X, Y]]])
=exp (d1 +do+ds+dy) X.exp (d1 +do+ds +dy) Y.
(dy + do + ds + dy)*

exp — 5 [X,Y].
3
em)w“+@i;3+@)fx+2xpxyﬂ
(di +dp +ds +da)*
exp 24 .

(= [X X XY = 3 (X Y (XL Y = 3[YL [YL [XL YD)
Proof. We have
exp (dy +do+ds+dy) (X +Y)
=exp (d1+da+d3) (X +Y)+dy (X +Y)
=exp (di +dp +d3) (X +Y)
{88 (exp) ((ds + da + ds) (X + V) (X +Y))},.
)left logarithmic derivative(
=exp (di +d2 +d3) (X +Y). (X +Y),,
)By Theorem 5.3(
=exp (di+da+d3) (X +Y).expdy (X +Y)
)By Proposition 4.9(
=exp (dy +do + ds) X.exp (d1 + d2 +d3) Y.exp — (d1da + d1ds + dad3) [X,Y].
exp didads [X 4 2Y,[X, Y]] .exp dyX.exp dsY
)By Theorems 6.2 and 6.4(
=exp (d1 +do+ds+dy) X.exp d1Y.exp dids [Y, X] . exp doY. exp dody [V, X].
exp d3Y.exp d3dy [Y, X].exp — (d1ds + d1d3 + dads) [X,Y].
exp — (dids + dids + dad3) dg [[X, Y], X] . exp didads [X 4+ 2Y,[X,Y]].
exp didadsdy [[X +2Y,[X, Y]], X].exp dsY

By moving exp dy X left towards exp (dy + do + d3) X
via Propositions 5.4 and 5.5

=exp (d1 +do+ds+dy) X.exp (d1 +da) Y.
exp d1dy [Y, X].exp didedy [[Y, X],Y].
exp dody [Y, X|.exp d3Y.exp dsdy [Y, X].exp — (dids + d1d3 + dad3) [X,Y].
exp — (dids + dids + dads) dg [[X, Y], X] . exp didads [X 4 2Y,[X,Y]].
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exp didadsdy [[X +2Y,[X, Y]], X].exp diY

)By interchanging exp didy [V, X] and exp d2Y via Proposition 5.5(
=exp (d1 +do+d3+dy) X.exp (d1 +dy +d3) Y.

exp d1dy [Y, X].exp didsdy [[Y, X],Y].

exp didody [V, X],Y]. exp didodsds [V, X],Y],Y].exp dods [Y, X].

exp dadsdy [[Y, X],Y].exp d3ds [V, X].exp — (d1dz + dids + dads) [X, Y] .

exp — (dids + dids + dad3) dy [[X, Y], X] . exp didads [X + 2V, [X,Y]].

exp dydadsdy [[X +2Y, [X, Y]], X].exp dsY

) By moving exp d3Y left towards exp (d; +d2)Y (

via Propositions 5.4 and 5.5

We go on:

=exp (d1 +do+ds +dy) X.exp (dy +do +ds + dy) Y.exp didy [V, X] .
exp didsdy [[Y, X],Y] . exp didady [[Y, X], Y] . exp didadsdy [[[Y, X], Y], Y].
exp dody [Y, X].exp dodsdy [[Y, X],Y] . exp dsdy [Y, X].
exp — (dido + dyds + dods) [X, Y] .exp — (dids + dids + dads) da [[X, Y], Y].
exp — (dyds + dids + dads3) da [[X, Y], X] . exp didads [X + 2V, [X,Y]].
exp dydadsdy [[X +2Y, [X, Y]], Y]. exp didadsdy [X + 2V, [X, Y]], X]

By moving exp d4Y left towards exp (di +do +ds3) Y
via Propositions 5.4 and 5.5

=exp (d1 +do+ds+dy) X.exp (dy +da +d3s +ds) Y.
exp — (didz + dids + didg + dads + dady + dgds) [ X, Y].
exp (didads + didady + didsdy + dadsdy) [X +2Y, [ X, Y]].
exp dydadsds (= [X, [X, [X, Y]] = 3 [X, [V [X, Y]] =3[V, [\, [X, Y]]))

so that we have got to the desired formula. O
We could go on, but the complexity of computation increases rapidly.

7. THE FIRST APPROACH TO THE BAKER-CAMPBELL-HAUSDORFF FORMULA
The following result is no other than Theorem 6.2 itself.
Theorem 7.1. Given X,Y € g and dy € D, we have
exp diX.exp d1Y =exp dy (X +Y).
Corollary 7.2. Given X1,...,X,, € g and dy € D, we have
exp d1 X1.exp di Xs....exp d1 X,
=expd; (X1 +Xo+ ...+ Xp).

Proof. By simple induction on n. O
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Theorem 7.3. Given X,Y € g and dy,ds € D, we have
exp (dl + d2) X. exp (dl -+ dg) Y
=exp (d1 + dg) (X + Y) + dqds [X, Y]

(d1 + d2)2

=exp (d1 +do) (X +Y)+ 5

Proof. We have

exp (dy +d2) (X 4+Y)

=expdi (X +Y)+da (X +Y)

=exp di (X +Y) . {6 (exp) (di (X +Y)) (X +Y)} .
)left logarithmic derivative(

—exp di (X +Y).(X +Y),,
)By Theorem 5.3(

=expdi (X +Y).expda (X +Y)
)By Proposition 4.9(

=exp di X.exp d1Y.exp do X.exp doY
)By Theorem 6.2(

=exp d1 X.exp doX.exp d1Y.exp did2 [Y, X].exp doY
)By Proposition 5.5(

=exp d1 X.exp do X.exp d1Y.exp doY. exp dids [Y, X]
)By Proposition 5.4(

=exp (dy +dz) X.exp (di +dz)Y.exp didz [Y, X]
)By Proposition 5.4(

[X,Y].

so that we get the desired formula by multiplying exp dids [X,Y] from the right
and making use of Proposition 5.4. d

Corollary 7.4 (cf. Theorem 2.12.4 of [17]). Given X1,..., X, € g and d1,ds €
D, we have

exp (dy + do) X7.exp (d1 + d2) Xa....exp (d1 + d2) X,
=exp (dy +do) (X1 4 ..+ Xp) +dady Y [X;, X]]

1<i<j<n

dy + ds)’
=exp (dy +da) (X1 + oo + X)) + % > XXl
1<i<j<n
Proof. Here we deal only with the case of n = 3, leaving the general treatment

by induction on n to the reader. We note in passing that the case of n = 2 is no
other than Theorem 7.3 itself. We have

exp (d1 + dg) Xl.exp (d1 + dg) Xg.exp (dl + dg) X3

(di + d2)”
Tt

=exp (d1 -+ dg) (Xl + XQ) [Xl,XQ] . exp (dl + d2) X3
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)By Theorem 7.3(
di + ds

=exp (dl + dg) {(Xl + XQ) + [Xl,Xg]} . eXp (dl + d2) X3

di +d
= exp (d1+d2){(X1+X2+X3)+ 12 2[X17X2]}+
di +d
dydy [<X1 + X))+ 2 [X1, X ,Xg}

)By Theorem 7.3(
=exp (di +d2) (X1 + Xo + X3) + dida ([ X1, Xo] + [X1, X3] + [X2, X3])

so that we are done. O

Theorem 7.5. Given X,Y € g and dy,ds,ds € D, we have

exp (dl +dsy + d3) X.exp (d1 +da+d3)Y
=exp (di +da +ds) (X +Y) 4 (dida + dids + dads) [ X, Y]+

Sihdads [X Y, [X, Y]]

(dy + da + d3)2

:exp(d1+d2+d3)X+(d1+d2+d3)Y+ D)

(dy + dy + ds)°
12
Proof. We have
exp (dy +da 4+ d3) (X +Y) + (dida + dids + dads) [ X, Y]
=exp {(d1+do) (X +Y)+dido [X, Y]} +ds {(X +Y) + (d1 + d2) [X, Y]}
=exp ((di +d2) (X +Y) +d1d2 [X,Y]).
{6 (exp) ((d1 + da) (X +Y) + dido [X,Y]) (X +Y) + (d1 + d2) [X, Y})}d3
)left logarithmic derivative(
=exp ((d1 +do) (X +Y)+did2 [ X,Y]).

(X, Y]+

(X =Y, [X,Y]].

&X+YH(%+@N&H;Q@M#}ﬂ&ﬂG
ds
)By Theorem 5.3(

=exp (d; + d2) X.exp (dy + do) Y.
&X+YH(%+@N&H;Q@M#Y%&HG

d3
[By Theorem 7.3]

=exp (d1 +d2) X.exp (di +d2) Y. (X +Y), . ((d1 +d2) [X,Y]),,

(;dﬂbLX%YJX}YH>d

[By Proposition 2.5]



76 H. NISHIMURA

=exp (dl + dg) X.exp (dl + dg) Y.exp ds (X + Y) . exp (d1 + dQ) ds [X, Y] .
1
exp *§d1d2d3 (X + Y, [X,Y]]
[By Proposition 4.9]
=exp (d1 +do) X.exp d1Y.exp doY.exp d3X.exp d3Y.exp (di + do) ds [X,Y].
1
exp —§d1d2d3 (X +Y,[X,Y]]
)By Proposition 5.4(
=exp (d1 +do) X.exp d1Y. exp d3X.exp daY. exp dad3 [Y, X] . exp d3Y.
1
exp (di + dz) ds [X, Y] . exp —5d1d2ds (X +Y,[X,Y]]
)By Proposition 5.5(
=exp (d; +do) X.exp dsX.exp d1Y.exp d1d3 [Y, X] .
exp daY. exp dods [V, X] . exp d3Y.
1
exp (dl + d2) d3 [X7 Y] - €Xp 7§d1d2d3 [X + Y7 [Xv Y]]
)By Proposition 5.5(.
We go on
=exp (d1 + d2) X.exp dsX.exp d1Y. exp doY.
exp dldg [Y7 X] . eXpP d1d2d3 [[K X} ,Y] .
1
exp deg [Y, X] . exXp d3Y exp (dl + dg) d3 [X, Y] . exXp 7§d1d2d3 [X + Y, [X, YH
)By Proposition 5.5(
1
=exp (dl +ds + dg) X.exp (d1 +ds + d3) Y.exp §d1d2d3 [Y - X, [X7 YH
)By repeated use of Proposition 5.4(
so that we get the desired formula by multiplying

1
exp §d1d2d3 (X -Y,[X,Y]]
from the right and making use of Proposition 5.4. g

Theorem 7.6. Given X,Y € g and dy,ds,d3,dy € D, we have

exp (d1 +d2 +d3 +d4)X.exp (dl +d2 +d3 +d4)Y
=exp (dl +d2+d3+d4)X+(d1+d2+d3+d4)Y+
(dldg + dyd3 + d1dy + dodz + dody + d3d4) [X, Y] +
1
3 (didods + didady + didsdy + dodsdy) [X — Y, [X, Y]] —
1 1
o (3 X XD YT+ 5 IV VI 4+ 2]

=exp (diy +dy +d3+dy) X + (dy +dy +d3 +dy) Y+
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(di +da+ds+dy
2

(dy + da + ds + dy)’*
12

bt (SIE LY+ LG Y+ 2 [ X YD)

2
Proof. We have
exp (di+do+ds+dy) X+ (d1+da+ds+dy) Y+
(dida + dids + didy + dods + dady + d3dy) [ X, Y]+

)2 (X, Y]+

X =Y, [X, Y]] -

1
5 (drdads + didady + didsdy + dadsds) [X =Y, [X, Y]]

Cex (dy +da +d3) (X +Y) + (dids + dids + dad3) [ X, Y] + +
—oxp Ldydods [X — Y, [X, Y]]
2
dy (X +Y)+ds(di +do+d3) [ X, Y]+
1dy (dids + dids + dads) [ X — Y, [X, Y]]
—ox (d1 +dy + dg) X + (dl +ds + d3) Y + (d1d2 + dids + d2d3> [X, Y] +
b 1didads [X — Y, [X, Y]] '
51eft (exp) (di +do +d3) (X +Y) + (dida + dids + dad3) [X, Y] +
P $didads [X =Y, [X, Y]]
(X+Y)+(d1+da+d3) [ X, Y]+
2 (dida + dids + dads) [X — Y, [X, Y]]

)left logarithmic derivative(

:em){(dy+d2+d@(§¥+Y)+(Mdy+&d3+dﬂhHXﬂﬂ+ }.
§d1d2d3 [X - Ya [X7 Y]]
(X +Y)+ (dy +do+ds) [X,Y]+
3 (didy + dyds + dads) [X =V, [X, Y]] -
3 (dy+dy+ds)? [X + Y, [X, Y]] -

(di +do +d3)° [X +Y,[X — Y, [X, Y]] +
3 (dvdy + dids + dods) [X + Y, [X, Y]]+
1didads [X + Y, [X =Y, [X, Y]] +
Wdi+dy+ds)’ X+ Y, [X+ Y, (X, V)] ),

)By Theorem 5.3(

Cex (di +da +d3) (X +Y) + (dids + dids + dad3) [ X, Y] +
= Xp Ldidady [X — Y, [X, Y]] '

{ (X +Y)+ (di +da +d3) [X,Y] = (did2 + dids + dad3) [Y, [X, Y]] + }
Ldidads [X + Y, [X, [ X, Y]] + 2didads [ X + Y, [V, [X,Y]]] i

=exp (dl —+ d2 —+ dg) X exp (dl + d2 —+ dg) Y

{(X+YH%¢+®+%HXYF%%@+%%+@%HKWWW+}
Ldidads [X + Y, [X, [ X, Y]] + 3didads [ X + Y, [V, [X, Y]] i

)By Theorem 7.5(

dy
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=exp (d1 + do —|—d3)X.eXp (dl + do +d3)y (X+Y)d4.
((d1 +d2 +d3) [X,Y]),,
(= (d1dy + dyds + dods) Y, [ X, Y]])d4 )
(;d1d2d3 X 4V, [X, [X, Y]] + gd1d2d3 X +Y, [V, [X, ym)

da
)By Proposition 2.5(

=exp (dl —+ d2 —+ dg) X exp (d1 + d2 —+ dg) Y exp d4 (X —+ Y) .
exp d4 (dl + d2 + dg) [X, Y] .
exp —d4 (d1d2 + d1d3 + dgdg) [K [X, YH .

exp d4 (;dldgdg [X + K [X, [X, Y]H + gdldeS [X + Y, [K [X, Y]]])

)By Proposition 4.9(
=exp (d1 +da +d3) X.exp d1Y.exp d2Y.exp d3Y.exp dyX.exp d,Y.
exp d4 (dl =+ d2 =+ dg) [X, Y] . exXp 7d4 (dldg =+ d1d3 =+ dgdg) [}/, [)(7 Y]] .

1 3
exp dy4 <2d1d2d3 (X +Y, [X,[X,Y]]] + §d1d2d3 X +Y,[Y,[X, Y]]]>
)By Proposition 5.4(.
We go on

=exp (d1 +do+ds+dy) X.exp d1Y.exp di1ds [V, X].
exp doY.exp dody [Y, X] . exp d3Y.
exp dsdy [Y, X].exp d4Y.exp dy (d1 + d2 +d3) [X,Y].
exp —dy (dids + dids + dad3) [Y, [ X, Y]] .

exXp d4 <;d1d2d3 [X + }/, [X, [X, Y]H + %dldeg [X + K [Y, [X, Y]H)

By moving exp dy X left towards exp (dy + da + d3) X
via Propositions 5.4 and 5.5

=exp (d1 +do +ds + dy) X.exp (dy +do) Y.exp dids [Y, X] .
exp dydady [[Y, X],Y].
exp dody [Y, X].exp dsY.exp dsdy [Y, X].exp daY.exp dy (dy + do + d3) [X,Y].
exp —dy (dyds + dids + dods) [Y, [X, Y]]

exp dy <;d1d2d3 (X +Y,[X,[X, Y]] + gdldgdg [X +Y,[Y,[X, Y]]])

By exchanging exp dyd4 [Y, X] and exp doY via Proposition 5.5
and using Proposition 5.4

=exp (dl + d2 + d3 + d4) X. exp (d1 + d2 —+ d3) Y. exp d1d4 [Y, X] .
exp didzdy [[Y, X],Y].
exp d1d2d4 HY, X] ,Y] . exp d1d2d3d4 [[D/, X] ,Y] 7Y] . eXp d2d4 D/, X] .
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exp dadsdy HY, X] ,Y] .exp dsdy [Y, X] .exp d4Y.exp dy (d1 +dy + dg) [X, Y} .
exp —dy (d1d2 + dqids + d2d3) D/, [X, Y“ .

exp dy <;d1d2d3 [X +Y, [X, [X, Y]]] + gdldgdg [X +Y, [Y, [X, Y]H)

By moving exp d3Y left towards exp (dy +ds)Y
via Propositions 5.4 and 5.5

=exp (d1 + ds + d3 + d4) X.exp (d1 + do + ds + d4) Y.
1 3
exp dudadads ([[¥,X], Y1, Y]+ X+ VXX Y]+ 5 0+ V11X Y]) )

)By moving exp d4Y left towards exp (dy + dz + d3) Y via Proposition 5.4(
=exp (dl +dy + d3 + d4) X.exp (d1 + do + d3 + d4) Y.
3 X 1 [X YT+ 3 [ X [X Y+ 3 [V [X YT+ )

exp dydadsdy ( 2 LIV, Y, (X, Y]]
2 ) bl ’

=exp (d1 +do+ds+dy) X.exp (dy +da +ds +ds) Y.

exp dudadads (31X X, DX Y]]+ 5 LY 4 21 L D

)By Lemma 2.10(
so that we get the desired formula by multiplying

exp —didadzdy (; [Xa [X7 [Xv Y]]] + % [Ya [Yv [Xa Ym +2 [Xv [Y’ [Xv Y]]])

from the right and making use of Proposition 5.4. g

We could go on, but the complexity of computation increases rapidly.
8. THE SECOND APPROACH TO THE BAKER-CAMPBELL-HAUSDORFF FORMULA

Theorem 8.1. Given X,Y € g and dy € D, we have
exp di X.exp d1Y =exp d; (X +7Y).
Proof. By Proposition 5.4. g

Theorem 8.2. Given X,Y € g and dy,ds € D, we have
exp (d1 + dg) X. exp (d1 + dg) Y

=exp (d +d2) (X +Y) + % (di +d2)? [X,Y].

Proof. We have

exp (dq +do) X.exp (d1 +d2)Y =exp d1 X + doX.exp 1Y + doY
=exp doX.exp di X.exp d1Y.exp doY

)By Proposition 5.4(
=exp doX.exp d; (X +Y).exp doY

)By Theorem 8.1(
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1 1
=exp dQX exp d1 (X + Y) . eXp d2 {Y — §d1 [X, Y]} . eXp §d1d2 [X, Y]
1
=exp dQX exp d1 (X + Y) + dQY exp §d1d2 [X, Y]
1
)By Theorem 5.3 with §'°™ (exp) (d; (X +Y)) (Y) =Y — 3 X, Y](

1 1
=exp —§d1d2 [Y, X].exp da {X + §d1 v, X]} cexp di (X +Y) + doY.
1
exp §d1d2 [X,Y]
1 1
=exp —§d1d2 [Y,X].exp (di +do) (X +Y).exp §d1d2 [X,Y]

)By Theorem 5.8 with 68" (exp) (dy (X +Y) 4+ d2 X) (X) = X + %dl Y, X](
=exp (dl —+ d2) (X + Y) + d1d2 [X, Y] .

Theorem 8.3. Given X,Y € g and dy,ds,ds € D, we have
exp (dy +do +ds) X.exp (d1 +d2+d3) Y
=exp (dy +do +ds) (X +Y) + % (di +dz +d3)” [X, Y]+
o5 @ da - d)* [X Y, [X, Y]]
Proof. We have

exp (d1 +do+d3) X.exp (di +da+d3)Y
=exp (d1 +d2) X +dsX.exp (d1 + d2) Y + d3Y
=exp d3X.exp (d; +do) X.exp (dy + d2) Y.exp d3Y
)By Proposition 5.4(

1
=exp ds X.exp (dy +da) (X +Y) + 5 (d + d2)? [X,Y]. exp dsY
)By Theorem 8.2(

1

—exp dsX.exp (dy +do) (X +Y) + = (dy + do)* [X,Y].

2
{ Y = 4 ((d 4+ da) [X, Y]+ § (d + ) [[X, Y], Y]) + }
exp ds 2 '
L(dy + do)? [X + Y, [X, Y]]

exp ds { 3 ((d1 +d) [X, Y]+ 3 (di +d2)? [[X, Y] ,Y]) _ }
L(dy +do)’ [X + Y, [X, Y]]

=exp dsX.exp (di +do) (X +Y) + = (dy + d2)* [X,Y] + dsY.

1
2
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{ L ((d 4+ o) [X, Y]+ 3 (0 + )’ (X, Y], Y]) - }
exp ds 5
% (dl + d?) [X + Yv [X’ Y]]
By Theorem 5.3 with
5t (exp) ((da + do) (X +) + 3 (dh + ) [X,Y]) (V)
=y -1 ((@ + ) (X Y]+ § (d + o) (X, V) +
L+ do)’ [X +Y,[X, Y]]
We go on

1
=exp dX.exp (dy +d2) (X +Y) + 5 (di + d2)? [X,Y] + dsY.
1 1
exp ds {2 (dh +do) [ X, Y] — 1 (dy +d2)* [X + Y, [X,Y]]} .

Ldy + do)? [[X,Y],Y] = 2 (dy + do)* [X + Y, [X, Y]] +
P { L(dy + )2 [X 4 Y, [X, V] }
=exp d3X.

exp (diy +d2) (X +Y) + % (di + d2)2 [X,Y] +ds {Y + 5 (di +d2) [X,Y]} .
oxn { § (&) [ Y] Y] = 3 (4 da)” [X + Y [X Y]+ }
he L(d) + o) [X + Y, [X, Y]]
By Theorem 5.3 with
0t (exp) ((dr + d2) (X +Y) + 5 (dr +d2) [X, Y] + dsY)

(3 (di +d2) [X,Y])
=1 (d1+do) [X,Y] = L (di + da)? [X + Y, [X, Y]]

We go on again

e dg{ 3 (A1 + o) [V X] + § (e +do)® [1X, Y], X] ) - }
L(dy + do)? [X + Y, [V, X]]

{ X 44 (o) [V X] + & (ds + ) [X, Y] X]) + }
exp ds 1 2 )
1 (d1 + )’ [X + Y, [Y, X]]

exp (di+d2) (X +Y) + = (d1 +do)? [X,Y] +ds {Y—I— % (dv + d2) [X,Y]}.

exp d3{ I(di+dy)? [[{( YT, Y]——(d1+d2) X Y, [X, Y]+ }
4

(di +d2)* [X +Y,[X,Y]]
= exp d3{ = ((d1+ da) [Y, X] + (d1+d2) [[X7Y]7X])_ }
%(d +da)? [X+Y,[Y,X]]
)+

exp (di +do) (X +Y (d1 +do)? [X, Y]+

dg{(X+Y)+;(d1 +da) [X,Y]}.
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%p%{i@h+®VWKYbH—éwrﬂmﬂx+ywxyn+}

% (dl + d2)2 [X + Y7 [X7 Y”
By Theorem 5.8 with

right (o (di+d2) (X +Y)+ L (dy + o)’ [X, Y]+
o p)( ds {Y + 5 (di 4+ d2) [X, Y]} >(X)

= X+ 1 (1 + ) [V, X] +  (d + &) [[X, Y], X]) +
L(dy +d2)* [X + Y, [Y, X]]

_ —1(di +d2)? [[X,Y],X] — L (di + d2)? [X + Y, [V, X]] +
- d3{ L) 1 do)? [X + Y, [, X]] }
exp o { =3 (@ + ) V. X] = § (0 + ) [X + V. X}

1
2

d3{(X+Y)+;(d1 + ds) [X,Y}}.

exp (di +d2) (X +Y) + o (dy +da)* [X, Y] +

dy+do)” [[X,Y],Y] = & (dy + o)’ [X + Y, [X, Y]]+
eXpd3{ ' Ldy + d)2[X 4 Y, [X, Y]] }

_ —L(dy +dy)? [[X,Y], X] — L (dy + do)? [X 4+ Y, [V, X]] +
e@@{ T Lt R X 4. v X }
mmm+@+@ﬂx+m+%@+@+@fmyy

Ldy + do)? [[X,Y],Y] = (dy + do)* [X + Y, [X, Y]] +
“p%{ L(dy + )2 [X + Y, [X, Y] }

By Theorem 5.8 with
(di+do) (X +Y)+
5right (exp) ( % (dl + d2)2 [X, Y] + ) (—% (dl + d2) [Y7 X])
d3 {(X+Y)+ 3 (d +do) [X,Y]}
= —§ (di +d2) [Y, X] = § (d + d2)* [X + Y, Y, X]]

:amm+@+@ﬂx+n+%@+@+@fmyﬁ
() s (1, [X, Y]]~ ¥, [X, V)
= exp (dy 4+ ds) (X +Y) 4 5 (di + o ) [X,Y] +

1
Aﬁuh+®+d@ﬂX—Y¢&Yﬂ

Theorem 8.4. Given X,Y € g and dy,ds,d3,ds € D, we have
exp (dq + do +ds + dy) X. exp (d1 +ds +ds + d4)Y

(dy + dg + ds + dy)?
2

=exp (d1+d2+d3+d4)(X+Y)+ [X,Y]+
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(di + do + d3 + dy)®
12
(dy + dz + d3 + dy)* ( (X, [V [ XY+ Y [ [ YT + ) _

(X -Y,[X,Y]] -

48 X+ Y, [X + Y, [X, Y]]
Proof. We have
exp (di+do+ds+dy) X.exp (di +do+ds +dy)Y
=exp (d1 +do+d3) X +dyX.exp (dy +do +d3) Y + dsY
=exp dgX.exp (dy +do +d3) X.exp (d1 +do + ds) Y.exp dyY
)By Proposition 5.4(
:wm@me@+@+@NX+W+%@+@+@?WJH

1
15 (di+dz +dy)” [X = V. [X, Y]] exp dsY
)By Theorem 8.3(

1
:wm@pr@+@+@Mx+m+§@+@+%fmyh
1
— (dy +do +ds3)* [X — Y, [X,Y]].

12
1 (d1+d2+d3)[ ] (d1+d2+d3) [[X7Y]7Y]+
Y_Q( 12(d1+d2+d3) [[X Y[X Y]] Y] >+
1< (di +dz+d3)* [X +Y,[X, Y]] + )
P\ (di+da+ds)’ [X +Y,[[X, Y], Y]]
<@+@+@nxn+;@+@+%fMﬂ%ﬂ+)_
& (di+dy +ds)’ [[X - Y, [X,Y]],Y]
1((m+@+@fW+KMﬂﬂ+ )
%(d1+d2+d3) [X—l—Y,HX,Y],Y]]

exp dy

1
2
exp dy

:wmﬁxmp@+@+@ﬂx+m+§@+@+@fmyw
1
1 (dy + day +ds)* [X = Y, [X, Y]] + dsY-

< (di +d2 +d3) [X, Y]+ (d1 +dy +ds)* [[X, Y], Y]+ >
2 m%+@+@HW—KWJWH

d
P 1( %+@+@)m+xmym->
L(di+dy +ds)’ [X +Y,[[X,Y],Y]]
By Theorem 5.3 with
ot (dy +do +d3) (X +Y) + L (dy +dy + d3)” [ X, Y] + v
’ (GX”( b (h + dy )’ [X ¥, [X, Y] )

]
v _ 1 (d1+d2+d>[ ] (d1+d2+d3) HX,Y] Y}—l—
= 2( 12(;1+d2+d3) HX Y[X YH,Y] >+
1< (d1+d2+d3) [X+Y[XY
L(dy +dy +ds) [X + Y, [[X
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We go on

=exp dyX.exp (d1 +d2+d3) (X +Y)

12

exp dy 1

exp dy 1

]
1
:ww@Xmﬂ@+@+%ﬂX+ﬂ+§%+@+@fWJH

H. NISHIMURA

1
= (di +dz+d3)’ [X — Y, [X, Y]] +dsY-

1(dy +dy + d3) [X, Y] + uy+@+d@[[ Y,y
%@+@+@)M+YWYH

H(dy +do + d3)* [X + Y, [[X,Y],Y]] -
m+@+@fw+xw+xmyn
(di +dy +ds)’ [X + Y, [X +V,[X, Y]]

2

37 (di +da + ds)* [[X =V, [X, Y]], Y] -
L (di+dz +d3)’ [X + Y, [X, Y], Y]]+
(di +dy +d3)’ [X 4+ Y, [[X, Y], Y] -
m+@+%fM+KW+KWYm

2

(dy +do + d3)° [X + Y, [X + Y, [X, Y]]

1
Ewﬁm+@fw—xmwh

dy

{ Y+ 5 (di+dy+ds) [X, Y]+ 1 (di +da+d3)* [[X,Y],Y] =

L(di +do+d3)* [X + Y, [X, Y]]
i (di +do + d3)3 ([X-Y,[X,)Y]],Y]-
1—12 (dy + da +d3)3 (X + Y [X,Y], Y]]+
(i +dy +ds)’ [X +Y,[X, Y]] +

ew@.;( (m+@+%fm+KW&HJﬂ—>‘

%@+@+@fw+KW+KWXm
By Theorem 5.3 with
(dy +dp +ds) (X +Y) +
3 +da+dg)* (X Y]+
L (dy +ds +dg)’ [X — Y, [X, Y] +
d,Y
( 3 (di+dz +d3) [X, Y]+ )

5left ( exp)

1(di +dy +d3)* [[X, Y], Y]~
$(di+dy +ds)” [X +Y,[X, Y]]

= 1(dy +dy +d3) [X, Y]+ L (di +do +d3)* [[X,Y],Y] —

g (4 da o+ dy)” [X 4+ Y, [X, Y]] -
3(di+da +ds)? [X + Y, [X, Y]] +

di - da+dg)’ [X +Y,[X 4, [X,Y

5( (%+@+%)W+KWKHJM_)+
K )

L (di +do+d3)’ [X +Y,[X +Y,[X,Y]]]

1
+5(dit+de +d3)” [X, Y]+

( T(di +dy+d3)* [X 4+ Y, [X, Y]]+ )
+
oy ]
%

( 3 (di+dy+ds)” [X + Y, [X, Y]] + )
a
i

b



THE BAKER-CAMPBELL-HAUSDORFF FORMULA AND ... 85

We go on again

1
=exp daX.exp (di +dz +d3) (X +Y) + 5 (da + do + d3)’ [X, Y]+

1 .
5 (dv+d2+ds)’ [X — Y, [X, Y]] +

d { Y+ 1 (di+do+ds)[X, Y]+ L (di+da+d3)?[[X,Y],Y] - }

‘ %(d1+d2+d3) (X +Y,[X,Y]] '
§(d1+d2+d3) (X +Y,[X,Y]]

eXpd“{ Ldi +do+ds)* [X +Y,[X + Y, XY }

L(di+do + d3) [[X - Y, [X,Y]], Y] -

15 (d+da+ds)’ [X + Y [[X, Y], Y]] +

( §(d1+d2+d3)5[x+x[[x,y], Y] - )7
§(di+d2+ds)’ [X +Y,[X + Y, [X, Y]]
%(d1+dz+d3) (X+Y,[X+Y,[X, Y]]+
(d1+d2+d3) (X + Y, [X +7Y,[X,Y]]]

=exp ds X. exp (d1 +ds + dg) (X —+ Y)

=

exp du

1
+5(di+da+ d3)? [X, Y]+
1
5 (di +da +ds)’ [X — Y, [X, Y]]+

di+da+ds)? [X + Y, [X, Y]]+ 3 (d +d2+d3)* [X + Y, [X,Y]]

i (dl +d2 + d3)3 [[X -Y, [X7 Y” 7Y] -
L (di+d2 +ds)? [X + Y, [X,Y], Y]]+
o da ) 1 < 1(di+d2+d3)’ (X +Y,[[X,Y],Y]] - ) 3
PN 2\ () 4+ do + ds)’ [X 4V, [X + Y, [X, Y]]
%5 (di+do +ds)’ [X + Y, [X + Y, [X, Y]] +
L(di+d2+ds)’ [ X +Y,[X+Y,[X,Y]]]
By Theorem 5.3 with
(di +d2 +d3) (X +Y)+
L(di+do+ d3)2 (X, Y]+
51 (exp) 5 (d1 2+ ds)’ [X =Y, [X, Y]]+
exp Y + L (dy +do+ds) [X, Y]+
d4{ 1 (dy +d2+d3)2 [X,Y],Y]— }
L(di+d2+ds)’ [ X +Y,[X,Y]]
(3 (di+da +d3)* [X + Y, [X,Y]))
=1(di+do+ds)’ [ X +Y,[X,Y] -
L +do+ds)’ [ X +Y,[X +Y,[X, Y]]

d{ Y+ 4 (di 4 da +ds) [X, V] + 4 (d + da + da)* [[X, V], V] - }
4 é(

We go on once more

_;( (di +do + ds) [Y, X] + 5 (di + do + ds)? [[X, Y], X] + )_

e d & (@ +da +da)’ [[X - Y, [X, Y]], X]
T oxp 1( (dy +ds + ds)? [X + Y, [V, X]] + )
6\ L(di4dr+ds)?[X+Y,[X,Y],X]
(di + do + d3) [Y, X] + (d1 +do +d3)? [[X,Y], X]+
woa] T H( & (s + da + ) [[X — Y, [X, Y]], X] )

;( (di +d2 +d3)* [X + Y, [V, X]] + )
¢ %(dl+d2+d3)3[X+Y’HX7YLXH
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1
exp (di +dz +ds) (X +Y) + 5 (dh +dz +d3)? [X, Y]+

1
o (i +dat d3)’ [X - Y, [X, Y]]+

d{ Y+ L(di+do+ds)[X, Y]+ L (di +d2+ds)? [[X,Y],Y] - }
1 L(di+de+ds)? [X 4+ Y, [X, Y]]+ L (di +de +ds)” [X + Y, [X, Y]]

L (dy +da +d3)’ [[X — Y, [X,Y]],Y] -
L(di+da+ds)’ (X +Y,[[X,Y],Y]] +
exp d 1( 1(di+d2+ds)’ [X +Y,[X,Y], Y] - )_
PO 2 1(d) 4+ do + ds)’ [X 4V, [X + Y, [X, Y]]
S(di+do +d3)’ [X + Y, [X + Y, [X, Y]]+
3 (di+do+d3)’ [X +Y,[X +Y,[X,Y]]]

_l< (di +da+ds) [V, X]+ 5 (d +da +ds)* [[X, Y], X] + )_
—exp d. 2 T12(dl+d2+d3)3[[X7Y’[X7YH7X}

T oxXp a4 ;( (dy + da +d3)? [X + Y, [V, X]] + )

6\ 3(di+do+ds)’[X+Y,[[X,Y],X]]

1
exp (di +dz +ds) (X +Y) + 5 (dh + +d3)? [X, Y]+
1
15 (A1 +do +ds)* [X =Y, [X, Y]] +

X+Y + 5 (di+do+d3) [X,Y] + | (di + do + d3)* [[X,Y],Y] -
dy § (di+do+ds)” [X +Y,[X, Y]] +
i (di+dz+ds)” [X +Y,[X, Y]]

a1 (di +do + ds)’ [ X = Y, [X,Y]],Y] -
L (d+da+d3)® (X +Y,[[X,Y], Y]] +
Ll L $(di+do+ds)’ [X + Y, [[X, Y], Y]] = _
LAY T L) 4 ds 4+ ds) [X 4, [X +Y,[X, Y]]
S(di+do+ds)’ [X + Y, [X + Y, [X, Y]] +
L(di+do+ds)’ [ X +Y,[X +Y,[X, Y]]

By Theorem 5.8 with
(d1+d2+d3)(X+Y)+
% (dl + do + d3)2 [X, Y] +
(i +do +d3)® [X — Y, [X, Y]] +
5HEh (exp) Y + 2 (di +do +ds) [X, Y] + (X)
d4{ 3 (dy+do+ds)? [[X,Y],Y] - }
L(d +da+ds)’ (X +Y,[X, Y]]+
1(di+do+ds)? [X + Y, [X, Y]]
—x4+1 ( (di 4+ do +d3) [Y, X] + 5 (du +dy +d3)? [[X,Y], X]+ >+
2 & (d+da +ds)’ [X -V, [X,Y]], X]
1 ( (di +d2 +d3)* [X + Y, [Y, X]] + >
6\ 2 (di+do+ds)’ [X +Y,[[X,Y],X]]
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We go on once more

=expds{

exp dy 1

o (di+da +ds)’ [[X - Y, [X, Y]], X] -
L(di +do+d)? [X + Y, [X,Y], X]] -

L 1(di+dy+ds)? (X + Y [[X, Y], X]

(d1+d2+d3)3[X+Yv[X+Y[YX]
L (dy +dz +d3)’ [X + Y, [X +Y,[Y, X]
_%mrhb+@ﬂxxy—%m+dm+%)[
5 (di+ds+ds)” [X +V [V, X]] +
—%(d1+d2+d3)2 [X‘FYE[YaXH*
[,
¢

]
]
[

Ll (di+do+dy)? X+ Y [[X, Y], X]] -
(di +da +ds)’ [X + Y, [X + Y, [V, X]]

L (dy + do +d3)’ [X + Y, [X + Y, [V, X]]]

1
em@ﬁ%ﬁ%@@+ﬂ+§%+@+%ﬁXﬂ+

T

{ X +Y + 4 (di +dy+dg) [X,Y] + (i +da + ds)* [[X, V], Y] -
dy

(dl +d2 +d3) [X - Yv [XaY]]+

t(di+do+ds)” [X +Y,[X, Y]] +
L(dy +dy +ds)* [X + Y, [X, Y]]
L (di +do+d3)’ [[X — Y, [X, Y]], Y]~

13 (1 +da+dy)’ (X +Y, (X, Y], Y]+
4

exp dy %( (dy + dy + ds)* [X + Y, [X + Y, [X, Y]]

Lgg(lerderds) [X+Y,[X+Y, (X, Y]]+
2 (dy + do +d3)’ [X + Y, [X +Y,[X,Y]]]

We go on once more

=exp dy % ( (d1+d2+d3)3 (X + Y, [[X, Y], X]] - ) +
% JI]

2%+@+%HW*KWYHM
L (d +dz +d3)° [X + Y, [[X, Y], X]] -
—L(dy +dy + d3)° [X + Y, [V, X]] -

@+@+@fw+xm+ywx
2(d1+d2+d3) [X-FY,[X-FY[Y ]]]

exp (dl +d2 +d3) (X+Y) + 5 (d1 +d2 +d3)2 [X,Y]+

12

Lt do+ dy)* X -V [X Y] +

X]

—3(di +dy + d3)* [X + Y, [V, X]] -
[ L)

% ]

<m+@+@>w+xw&nﬂﬂ—>_

]
X, Y], X] -

)_

} |
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X+Y + L (di+do+ds) [X, Y]+ 1 (di +do+ds)? [[X,Y], Y] -
L(dy+dy +d3)? [X + Y, [X, Y]]+
dy (dy +dy + d;),)2 X+, [X, Y]] -
$(di+da+ds) [V, X] - 1 (d1+d2+d3) [X. Y], X] -
%(d1+d2+d3) (X +Y,[Y, X]]

4 (dy +d2+d3)3 X -V, [X,Y]],Y

I
112(d1+d2+d3) (X +Y,[X,Y],Y]] +
exp d 1( i(d1+d2+d3g X+ Y, [[X,Y],Y]] - )_
2 %(d1+d2+d3) [X+Y,[X+Y,[X,Y]]]
%%+@+@)W+KW+KWJM+
L(di 4 do +d3)’ [X + Y, [X + Y, [X, Y]]
By Theorem 5.8 with
(d1+d2+d3)(X+Y)+
(dl —|—d2—|—d3) [X Y}—l—
%(d1+d2+d3) (X -V, [X, Y]]+
grightt (eXp) X+Y+%(d1+d2+d3) (X, Y]+
2 (dy +da + d3)* [[X, Y], Y]
6 (di+do+ds)° X+, [X, Y]]+
3 (di+do+dy) [X +Y, [X,Y]]
< _% (dy +d2+d3)[YaX]_%(d1+d2+d3)2 HX>Y]7X]_ >
L(dy +dy +d3)? [X +Y,[Y, X]]
= —3 (i +da+d3) [V, X] — § (i + ds + d3)* [[X, Y], X] -
T (dy+dy +dg)” [X + Y, [V, X]] +
=5 (d +dz + d)” [X + Y, [V, X]) -
( (d1+d2+d3) (X +Y,[[X,Y],X]] - )—
X]]]

dy

1

2
(d1+d2+d3) (X +Y,[X +Y,[Y,

Sl da 4 dg) [X + Y, [X 4 Y, [V, X

We go on once more

%+®+%HW—KWYWM—
(dy +do +d3)° [X + Y, [[X, Y], X]] -
—exp d 1( (d1+d2+d3) [X+K[[X,Y],X]]— )+
Pdaq 2 %@+@+@)m+xm+xmxm
%%+@+%)W+KW+KWXM—
L(dy +dy +d3)* [X + Y, [X + Y, [Y, X])]

2
L1
12

1

. d{ wy+@+d@[X+YTYX” }
U L (dy+ dy 4 dy)? XYy )

exp (d1 +d2 +d3) (X+Y) + 5 (d1 +d2 +d3)2 [X,Y]+

1
3 (it da+ds)” [X Y, [X, Y]]+
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X+Y + L (di+do+ds) [X, Y]+ 3 (di +do+ds)? [[X,Y], Y] -
L(dy+dy +d3)? [X + Y, [X, Y]]+
dy 1(dy+da+ d3)2 (X +V,[X, Y]}
L(di+do+ds) [V, X] -1 (d1+d2+d3) [X,Y], X] -
%@+®+%)W+YWXH

24urub+@fux_ypany
112 (d1 +d2+d3) (X + Y, [X,Y],Y]]
exp d 1( Fdi+do +ds)’ [X + Y, [[X, Y], Y]] - )_
‘ %@+@+@fm+xm+xmym
%+@+%)W+KW+KW¥M+
(dy +dy + d3)* [X + Y, [X +Y,[X, Y]]

+

1

12
1
8

We go on once more

—a1 (di +dz +ds)* [[X - Y, [X, Y]], X] -

15 (di +da +d3)” [X + Y, [[X,Y], X]] -

—exp ds 1( 1M1+@+d9LX+KHXYLXH>
(i +dy+d3)* [X +Y,[X + Y, [V, X]]]
5 (dy +dy+ds3)’ [ X +Y,[X +Y, [V, X]]] -

(dy +do +d3)’ [X + Y, [X + Y, [Y, X]]]

1
exp (dy +ds +d3) (X +Y) + 3 (dy + do +d3)? [X,Y] +

12 (dl +d2—|—d3) [X—K[X,Y]]—l—

X4Y + 5 (di+do+ds) [X, Y]+ (di +do + d5)* [[X, Y], Y] -
L(dy+dy +ds)’ [ X + Y, [X, Y]]+
d %(d1+d2+d3)2[X+Y,[X,YH*
! 2(dy+dy+ds) [V, X] = & (di + da + ds)* [[X, Y], X] -
L(dy+dy +d3)? [X + Y, [V, X)) +
H(dy +dy + dg)* [X + Y, [V, X]]

37 (di +da+d3)” [X =Y, [X,Y]], Y] -
ia%+®+%fW+KWKHJﬂ+
expd4 1( Z(d1+d2+d3) [X'i_}/’a[[XvY]aYH_ )_

%%+®+%)W+KW+KWXM
%@+@+@)W+KW+KHXM+
L(dy +da + d3)* [X +Y, [X +Y,[X,Y]]




90 H. NISHIMURA

By Theorem 5.8 with
(di +da2+d3) (X +Y)+
L(dy +dy +ds)? [X, Y] +
5 (di+da+ds)’ [X =V, [X, Y]]+
X+Y+(¢+@+%H Y]+
(d1+d2+d3) [X, Y], Y] -
%(d1+d2+d3) [X+Y[ Y]+
dy ﬂ@+®+@)M+Y[Jﬂ7
1(di+da+ds)[Y, X] -
$(d +dy +ds)* [[X, Y], X] -
T (dy+dy +dg)” [X +Y, [V, X]]
(4 (i + o+ dy)* [X + Y, [, X]))
=1 (di +do+d3)’ (X +Y,[Y, X]] +
T(di +dy +d3)° [X + Y, [X + Y, [V, X]]

6rightt (exp)

We go on once more

1
:mmm+@+@ﬂx+m+§@+@+@fmyu

1
73 (da +dz +ds)° [X = Y, [X, Y]] +

d4X+Y+%+@+@ﬁXﬂ+l%+@+@fmijﬁ.

& XX - VX, Y]]+
(&= X + VXX Y]+
(F+1 - D X +Y[X + Y, [¥. X -
&Y [X -, [X, Y]]+
- DXV X, Y] -
5 IX + Y, [X 4+ Y, X, V]

exXp d4 (d1 + d2 + d3)3

ﬁﬂxwmymﬂwXWYm+

2 X+ Y [X +Y [V, X])] -

TNXWWYMHHXWHW_
L[X+Y,[X +Y,[X, Y]]

1
:mﬂm+@+@+@ﬂX+ﬂ+§%+@+@+@fMXH
1 )

— (dy -Fdz+d3+d4)3 (X Y, [X,Y]].

12
1 3 [Xv [Yu [Xv Y]]] + [Yv [X7 [Xa Y]H +
exp 7Ed4(d1+d2+d3) < [X—FK[X—FY,[X,Y”] >

1
:mmm+@+@+@ﬂx+m+§@+@+@+@fmyh
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1
E(d1+d2+d3+d4)3 (X -Y,[X,)Y]] -

Y (X Y+ [V [X (X YT+ )

1 4 [Xv[
15 (i +da+ds +da) < (X +Y,[X +Y,[X,Y]]]
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