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NECESSARY CONDITIONS FOR HYPONORMALITY OF
TOEPLITZ OPERATORS ON THE BERGMAN SPACE

ANURADHA GUPTA axp AMITA AGGARWAL

Abstract. In this paper, we present necessary conditions for the hyponormality of
Toeplitz operator Ty on the Bergman space Lg (D) when the symbol ¢ is a polyno-
mial in z and Z.

1. INTRODUCTION

Let T be a bounded linear operator acting on a complex Hilbert space H. The
operator is said to be hyponormal if its self commutator [T%,T] = T*T — TT* is
positive semi-definite, where T denotes the adjoint of 7. This is equivalent to
saying that ||[Tu|| > ||T*u|| for every u in H.

Let D denote the open unit disc in the complex plane and dA the normalized
area measure on . Let the space L?(ID) be the Hilbert space of square integrable
measurable functions with the inner product

(f.9) = / £(2)9(2) dA(2).

The Bergman space L2 (D) is the subspace of L?(DD) consisting of analytic functions
on D, that is,

LA(D) = {f: / |f(2)]” dA(2) < oo, f is analytic on D}.
D

Let P denote the orthogonal projection of L?(D) onto L?(D). Let L>°(D) denote
the space of bounded measurable functions on the unit disc D. Let ¢ be a function
in L*°(D). The multiplication operator My, induced by the symbol ¢, is defined as
Myf = ¢f for every f € L?(D). The Toeplitz operators are the compressions of the
multiplication operators to the subspace L2(D) and are defined as Ty f = P(¢f)
for every f € L2(D).

In [1,2], C. Cowen completely characterised the hyponormality of Toeplitz op-
erators (in the setting of Hardy spaces) by the properties of its symbol ¢ € L> (D).
To prove this characterisation, he used dilation theorem due to D. Sarason [11] and
the fact that space (H?)* is the space of conjugate of functions in zH?. But in the
Bergman space setting, Sarason dilation theorem’s equivalence is lacking. Addi-
tionally, the space (L2)* is much larger than the space of conjugates of functions
in 2L2.
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The characterisation of the hyponormal Toeplitz operators acting on the Berg-
man space turns out to be elusive. However, a substantial amount of work has been
done by H. Sadraoui [10], I. S. Hwang [6,7], Cuckovi¢ and R. Curto [3], A. Phukon
[9], J. Lee [8], and A. Gupta and S.K. Singh [5] for the polynomial harmonic
symbol ¢. Very recently, Matthew Fleeman and Constanze Liaw [4] studied the
necessary condition on the coefficients of the non-harmonic polynomial ¢, under
which Ty is hyponormal. They showed that the Toeplitz operator Ty with symbol
d(2) = amnz™mZ", m > n, ap,, € C is always hyponormal. However, this is not
the case when ¢ is a two-term non harmonic polynomial. These results were further
extended by Brian Simanek [12]. We shall consider ¢ the sum of the polynomial
harmonic and non harmonic symbols and obtain the necessary conditions for the
hyponormality.

2. THE NECESSARY CONDITIONS

In this section, we shall present some necessary conditions for the Toeplitz op-
erartor acting on the Bergman space to be hyponormal, when the symbol ¢ is
a polynomial in z and Z. Some well known properties of the Toeplitz operators on
the Bergman space are listed here.
Proposition 2.1. [10] Let f,g € L>(D), then
(i) Tf+g = Tf + Tg,‘
(iii) T, = T3,

Proposition 2.2. [6] For any non negative integers s and t, we have

p - {0

if f or g is analytic .

0 ifs<t’
where P is an orthogonal projection on L?(D).
A result given in [4] will be helpful in deriving the necessary conditions.

Proposition 2.3. [4] Let H be a complex Hilbert space and T and S be the
operators on H, then

((T+ 9)*, T+ Slu,u) = (Tu, Tu) — (T*u, T*u) + 2Re[(T'u, Su) — (T*u, S*u)]
+(Su, Su) — (S*u, S*u)
for every u in H.

Theorem 2.4. Let ¢(z) = f(2)+g(z), where f(z) = az™+ 522" and g(z) =
V2™ + 022", m > n. If Ty is hyponormal, then

. 2 om3 — n3 + m2 — m2n — n2
0)  Grpgyellol = ") = g s R (ol — 1817
. (2m—n+1)32 S
W GG —nre s
m? 2 2y, 2mP —nP+m?—mPn—n? o 9
{(m+1)2(2m+1)(| | | | ) (2m+1)2(m+n+1)2 (|ﬁ‘ _|§| )}
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m2

{ (lof” = )
(4m —2n+1)(3m — 2n + 1)?
4m3 +n3 — 2mn? — 3m*n+m? —n
(4m —2n+1)2(3m —n+1)2

2
2 2
(18—161") }.
Proof. Let v = az™ + b2z™%7, where a and b are complex numbers and j is

a non-negative integer. Then,

fu = aaz’™ + abz®"t 4 Baz®"z" + Bb2mHIE",

gu = yaz™zZ™ + bz HIET 4 fazmE™ 4 5bzm+"ﬂz
Taking j = 2(m — n) and using Proposition 2.2, we get

2m—-n+1 4, . dm —3n+1 4. 3,

P _ 2m b 4Am—2n b

fu=aaz"™ + abz + Ba o 1 + T — ,

1 2m—=2n+1 5., , n+1

P — m—in 5 n

gu ’mm—|— 7 3m — 2n—|—1z + am—|—n—|—lz

+6b2m —n+ lem_”.
3m—n+1
Using the definition of inner product on the Bergman space,
m—n+1

(P fu Pgu) = abB3 e o1y

1 2
Pfu, Pfu) = B e —
(Pfu, PJu) jaaf? + s lab]
Jr27nfn+1|5| dm —3n+1
em+1? PN T Gm—2n 1)
2 2m—2n+1 2
e P A
Iae e e AL
n+1 2 2m—n+1
—1)
gL

1
2m +1
S18b)7,

1
Pgu, Pgu) = ————
(Pgu, Pgu) (m+1)2\7a

+ —(3m — )2 |6b|
Similarly, computing for Pfu and Pgu, we have
2m —n+1

(Bm—n+1)(2m+1)’

n 2m —2n+1
(3m —2n+1)2

n+1 9 2m —n—+1 2

s a2

‘ 2

(Pfu, Pgu) = abBd

(Pfu, Pfu) = |aal |ozb|2

1
(m +1)?

2
|val

1 . 1 b
S
om 1) v

dm —2n+1
2m —n—+1 9 dm —3n+1 2
(2m +1)2
Since Ty is hyponormal, we have ((Ty* Ty — TyTy")u, u> > 0. Using Propositions

2.1 and 2.3, we get

2 * 2 * 2 * 2
[Tpull” = 17 ull” + 2Re[{Tyu, Tyw)] — (Tyu, Tyuw)] + [ Tyul[” — || Tgu]” = 0.

(Pgu, Pgu) =
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Substituting for Tyu, T,u, TFuand Tyu (and using Proposition 2.1), we have

1 2 1 2m —2n + 1 2 5
ja | (Zm—l—l (m+1)2)+|b| (4m_2n+17 <3m_2n+1)2> (le]™ = 1[%)
R 2m —n—+1 af2m—n+1 n+1

(181* = 16*) = o.

dm —3n+1 2m—n+1 )

2 p—
+ 1o ((4m—2n—|—1)2 (3m —n+1)2

Further, using the inequality Re(zy) < |z||y|, we get

9 m? 2 2 2m3 —nd+m2—m?n—n? 2 2
“ [<(2m+1)(m+1)2)(|a| b )+< (2m+1)2(m+n+1)>2 )(|’B| — ol )]

2

((4m—2n+1§r(l3m—2n+1)2)

2m—n+1
2m+1)Bm—-—n+1)

+ 2lal bl [ 1801+ o2

(2.1)

9 9 Am3 — 2mn? — 3m?*n 4+ m? + n® — n? 2 2
(laf* = 7% + ) U8 = 13")| 2 0

(dm —2n+1)2(3m —n+1)2

The following cases arise:
Case (i) Let b = 0, then from inequality (2.1), it follows that

2 2m3 —nd +m?2 —m?n —

(i) ol = it = (gt S eI o ~
(2.2)

Case (ii) Let b # 0, then again using inequality (2.1), we have

a|? m? 9 9 m3 —n34+m2 —m?n —
‘g’ [( 2m+1)(m+1)2)(|a| — )+(2 (2m+1;_ e )(|5| — 6] )]

m—n-+1 m?2

s ( ) 2 2
’bH 2m+ 1) (3m— n+ 1)%6 @ nEm_anrnz) el =hD)
4m? —2mn? —3m*n+m? +n3 —n
—1817) >0 2.3
( (4m —2n+1)2(3m —n + 1)? )(Wl 181%) 2 0, (2:3)
which is a quadratic polynomial in |a/b| and takes only non negative values. We
know that, if a quadratic polynomial f(z) = as2?+a12+ao (for as, a;,ag real and
as > 0) takes only non negative values for all z, then it cannot have non distinct

real roots. Thus, its discriminant is non positive. Consequently, from (2.2) and
(2.3), it follows that

(2m —n +1)2
(2m+1)2(3m —n+1)2
{(m +1)2(2m+1) (lol” = %) +

181% 161"

2m3 —nd +m? —m?n —n
@Cm+1)2(m+n+1)2

<

(8 - 18P}

{ (dm —2n+ 1)(3m — 2n + 1)2 (laf* = 17%)
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4m3 + n3 — 2mn? — 3m2n + m2? — n?
(4dm —2n+4+1)2(3m —n+1)?

(187161 }
as required. O

Remark 2.5. The following example shows that the conditions in the theorem
are only necessary but not sufficient:

Let ¢(z) = 22% + 227 + 2% + 3232, then the conditions of Theorem 2.4 are
satisfied. Using Proposition 2.2, we get that

8 12 .
Ty(2) =22* + ng and Ty*(z) = 2* + gzd.

2 * 2

Therefore, we have ||Ty(2)[|” = 32 and [|T4"(2)]
T (2)|| < [T (2)]], showing T} is not hyponormal.

= ‘2%. Thus, it follows that

Corollary 2.6. Let ¢(z) = f(2)+g(2), where f(z) = az™+B32mz™~! and g(2)
=4Z™ + 62"z Y m > 1. If Ty is hyponormal, then

m>2 4dm — 1

e L o B Lo L 0}
e e
(o o — )+ e (9 - 1)
{ (2m + g(; +3)? (laf” = ") + 4(7;‘;?21;?;:7@123)2 <‘5|2_|5|2)}'
Theorem 2.7. Let ¢(2) = f(2) + g(=), where
flz)= Zk;aizmHZm and g(z) = il@zm“zm

If Ty is hyponormal, then

1+1
(i) Z mﬂazf —[8:i*) > 0.

k I .
(co—1 — Bifi—1)(i + 1)
L |3 tom B

Proof. Let u = a + bz, where a and b are complex numbers. Then,
Ty(u) = Pé(a + bz)

k k k k
-p |:a( Z aizm+i§m+z ﬁizm,—i-izm) +b< Z OéiZm+i+1§m'+Z Bizm+izm+l):|
=1 =1 =1

i=1 =
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k .
1+ 1 1+ 2 ; ﬁl
@z: mriris "t Z?WH4+f Tt

(using Proposition 2.2). Therefore,

k

1+ 1 1+ 1
T:T, i 2R b e -
(T3 Tyu,u) = \a|zm+z+12|a|+ ealz;aa Y F—
: 2 XS .
T+ 2 1
+ b ( % +7).
bF ; m+ i+ 2)2 | (m +2)?

Using Proposition 2.1, we have

T (u) = Pg(a+ bz)

k k k k
_ P[a(ziaizmﬂszrZEZmﬂzfm)+b(zaizm+i’zm+1+ZEzm+i+1zfm)}
) 3 =1 i=1

i1+ 1 1+ 2 a7
= y b( 5 H—l )
a;ﬂm+z+1 * ;ﬁm+z+2 +m+2

Again, using the definition of inner product, we get

141 1+ 1
TyT; i 2 b iPi-17—— o
(T Thu,u) = |alzm+z—|—1 "B| + ReaZQﬂﬂ 1(m—|—i+1)2
‘ (2.5)
E 42 2 el
(3 2 gy el y
+ 10 Z;on+i+wﬂﬂ|+(m+zy
Since T} is hyponormal, from (2.4) and (2.5) it follows that
k 1+1
TST, — T,T5) 2 i =18
<(¢¢> ¢>¢UU Mgm++ |a| —16i%)
a it1
+2Refab ) (ai@i1 = BiBic1) 7
ea;(o{a 1 /BB 1)(m+l+1)2
k 2 2
1+ 2 2 2, 1Bl — |en|
bl a;|” — |B ————w ) 20
+||(; m+ i+ 2)2 (Jexi 1B:7) + (m + 2)2 )‘
Using Theorem 1.5 [9], we have
il
i) Ifb=0, th —(Jag* =B >0
() then 3 e~ ) 2

(ii) Ifb#0, then

k . k .
(Z ﬁ(‘alp - |ﬁ1|2)> <Z ﬁﬂalf — |ﬁz‘2)

=1
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1 k (aim—EﬂH)(Hl) i
b g (AP ) 2 |3 T =P

=2

as required. O
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